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THE GROMOV-WITTEN THEORY OF BORCEA-VOISIN 
ORBIFOLDS AND ITS ANALYTIC CONTINUATIONS 

ANDREW SCHAUG 


Abstract. In the early 1990s, Borcea-Voisin orbifolds were some of the ear¬ 
liest examples of Calabi-Yau threefolds shown to exhibit mirror symmetry. 
However, their quantum theory has been poorly investigated. We study this 
in the context of the gauged linear sigma model, which in their case encom¬ 
passes Gromov-Witten theory and its three companions (FJRW theory and 
two mixed theories). For certain Borcea-Voisin orbifolds of Fermat type, we 
calculate all four genus zero theories explicitly. Furthermore, we relate the 
I-functions of these theories by analytic continuation and symplectic transfor¬ 
mation. In particular, the relation between the Gromov-Witten and FJRW 
theories can be viewed as an example of the Landau-Ginzburg/Galabi-Yau 
correspondence for complete intersections of toric varieties. 


1. Background 


Mirror symmetry has been a driving force in geometry and physics for more than 
twenty years. The first mirror symmetric phenomenon to be discovered mathemat¬ 
ically was purely at the level of Hodge numbers. That is, it was noticed that many 
Calabi-Yau manifolds pair up in such a way that the Hodge diamonds of one is the 
Hodge diamond of the other rotated by a right angle. One of the earliest sets of 
examples of this broad phenomenon was discovered by Borcea and Voisin 
now known as Borcea-Voisin manifolds; distinguishing them by their K3 surfaces, 
these form a class of 92 members closed under this type of cohomological mirror 
symmetry. These are given as resolutions of certain quotients of products of elliptic 
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curves and certain admissible K3 surfaces {E x K')l'Li. The deeper interest in mir¬ 
ror symmetry on the quantum level originates in the fact that in many cases, the 
physical observables in string theories defined on mirror background Calabi-Yau 
manifolds are identical. The first example of this to be demonstrated mathemat¬ 
ically was the use of mirror symmetry to predict the number of rational curves 
on certain Calabi-Yau threefolds. In particular, Givental 19 and Lian, Liu and 


Yau [23| related the Gromov-Witten invariants from enumerative geometry of one 
manifold (encapsulated in a ‘J-function’) to the periods of the Picard-Fuchs equa¬ 
tion of its mirror (encapsulated in an ‘I-function’). The methods used in Givental’s 
formalism have been applied to establish this deeper form of mirror symmetry for 
several pairs of families of manifolds 19 , but not yet the Borcea-Voisin manifolds 


whose example had in fact preceded it. We hope to address this question in this 
and subsequent articles. 

One method of attack is another physical duality altogether called Landau- 
Ginzburg (LG)/Galabi-Yau (CY) correspondence. Different aspects of this physical 
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correspondence have been formalised in a few ways, but the one of most importance 
here is that produced by 16 between Gromov-Witten theory on the Calabi-Yau 


side, and Fan-Jarvis-Ruan-Witten (FJRW) theory on the Landau-Ginzburg side, 
both defined for a hypersurface of weighted projective space. Such a relationship 
has been established already for a number of examples, including the quintic 11 
mirror quintic 25 , general Galabi-Yau hypersurfaces [^, and in a more general 
form for the classic Galabi-Yau three-fold complete intersections [^, and hyper¬ 
surfaces of Fano and general type . There is a corresponding mirror symmetry 
for FJRW theory 22 , known as Bergland-Hiibsch-Krawitz (BHK) mirror symme¬ 
try, forming a square of dualities. It appears that FJRW theory is often somewhat 
easier to compute than the Galabi-Yau theory, and that a promising method of 
attack to prove Calabi-Yau mirror symmetry may be via BHK mirror symmetry 
and the Landau-Ginzburg duality. 

In the case of hypersurfaces of weighted projective spaces, there is a direct duality 
between the Calabi-Yau ‘phase’ and the Landau-Ginzburg phase. Borcea-Voisin 
orbifolds are not hypersurfaces of weighted projective spaces, however, but can 
be given as complete intersections in quotients of products of weighted projective 
spaces. For more general complete intersections of toric varieties, Witten proposed 
an important set of physical models called Gauged Linear Sigma Models (GLSM). 
A general GLSM has a far more complex and interesting phase structure, divided 
into several chambers, where wall-crossing can be viewed as a generalisation of the 
LG/CY correspondence. This has been put on a mathematical footing by Fan, 
Jarvis and Ruan 17 . In the case of Borcea-Voisin orbifolds, this produces four 


different curve-counting theories^ the original Gromov-Witten and FJRW theories 
being two of them. This should give a potential approach to finding the quantum 
mirror structure of Borcea-Voisin orbifolds, via BHK mirror symmetry. This will 
be left to subsequent articles. Here, we focus on computations in the A-model. 

Gromov-Witten theory and its companion theories all come with a state space 
where o stands for the GW, FJRW or mixed theories. It is en¬ 
dowed with an inner product analogous to the Poincare pairing, and a multiplica¬ 
tion with identity 0o- Furthermore they are each assigned a moduli space AI° of 
marked curves endowed with extra structure satisfying certain stability conditions. 
In Gromov-Witten theory, the curves are endowed with stable maps to [A/G], where 
X = {W = 0}. In FJRW theory, they are endowed with line bundles satisfying 
conditions depending on the polynomial W and the group G. In the case of interest 
in this paper, X is the complete intersection defined by polynomials IFi,IF 2 . The 
mixed theories come from considering the Gromov-Witten theory of one of the Wi 
and the FJRW theory of the other, subject to compatibility conditions; the moduli 
spaces classify marked curves endowed with a stable map to [{Wi = 0}/G] and line 
bundles subject to conditions depending on Wj, j ^ i, and that stable map. All of 
these moduli space come equipped with virtual classes. 

In all these theories we integrate over the virtual class of the moduli space to 
define certain intersection numbers 


{^ai ■ • ■ ) ('/’hn ))o,ra[,;S] ’ 

for Tai(4>hi) = '>PT4>hi, where the ■i/'-classes are defined in the usual way as the first 
Ghern classes of the Hodge bundle over the moduli space, itself defined fibre-wise 
as the space of holomorphic differentials over the base curve. The data for Gromov- 
Witten theory and the mixed theories include stable maps from the source curve, 
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and it is helpful for our purposes to specify the homology class /? of the image of 
this stable map; this is not included for the purely FJRW invariants. 

We may encapsulate the enumerative information of each theory by defining 
corresponding J-functions over by setting J°{J2h^o4'h, z) to be 


Z<j)0 + J2*0(l^h+ H 

h n>0 e,k 

[0>O] 


More precisely, we shall consider the ambient or narrow J-functions, which re¬ 
strict to the ambient or narrow classes, classes induced from the ambient product 
of weighted projective spaces, and which have far more manageable enumerative 
geometry. 

The original quantum mirror theorems relate the J-function of an orbifold, from 
the curve-counting A-side, to its I-function, a fundamental solution of the orbifold’s 
corresponding Picard-Fuchs equations, by means of a mirror map T(t). For J(t, z) = 
f{t)z + g(t) -I- 0{z~^), the relation is given by 


J(r(t,0)) 


/(t) ’ 


where r(t) = The mirror orbifold then swaps the roles of the T and J-functions. 

In this paper, we will find the J-functions of each theory, but it will be sim¬ 
pler to demonstrate the correspondence in terms of I-functions. However, in this 
paper we do not address the Picard-Fuchs equations, so our nomenclature for the 
I-functions originates solely by analogy from its role in the above mirror theorem; 
our computations are all in terms of the A side. 

For certain coefficients ATb, Tb and functions Fb, Gb, we find the (narrow, genus 
zero) Gromov-Witten I-function to be 


Icwiy) = 

m 

KbLh Y H (qUksYlxf) 

bGBox(>’) cG|No j—l 

a> —c/2,6> —c/tHo 
v^{a,b,c,ki,---,km)=h 

ga(2ti+i2+i3)+KELo ^iU)+c{t,+U+ 2 ts) k)Gb(6, c, k)lb. 
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For example, for E = {X"^ + Y^ + Z'^ = 0} in P(2,1,1), iF = {x^ + tf’ + = 

0} C P(3,1,1,1), and a : (X, x) i-A {—X, —x), we find: 

_ ^g(2D£;ii+Ds(i2+^3)+3D/^t4+Dft:(i5+i6+t7))/2 ^ 

E E 

cGNo a,bG^ 
a'> — c{2 
b>-c/3 

T{2De/z + l)r{DE/z + lfT{3DK/z + l)riDK/z + l)^ 

T{2De/z + 2a + c + l)r(i:i£;/z + o + l)^r{3DK/z + 3& + c + 1)T{Dk/z + 6+1)3 
T{ADe/z + 4a + 2c + l)r{6DK/z + 66 + 2c + 1) 
r(2c + i)r(4i:»£;/z + i)r{6DK/z +1) 

+z-^ E E g(ig^gCg(2a+c)t 1 +a(t2+i3) + (3^>+c)t4+6(t5+t6+t7)+2ct8 ^ 

ceiNoiNo a,beZ 
o>-c/2 
6>-c/3 

r(2i^£;/z + IMDe/z + l)^r(3Dj^/z + ^MDe/z + 1)3 
r(2i:»£;/z + 2a + c + l)r(£i£;/z + a + l)2r(3£i^/0 + 36 + c + l)r(DK/z + 6+1)3 
r(4i:>j;/z + 4a + 2c + l)r(6BK/z + 66 + 2c + 1) ^ \ 


r( 2 c + i)r( 4 i:»£;/z + i)r( 6 BK/z + 1 ) 

For our cases of interest we find the I-function for the first mixed theory to be 


/FjRW,Gw(t,z) = 




ri'i -1- 53 -1- 5oL'i24n34n„ 

-L U + 2 + A > h + 


r(| + (^ + ^) + l)2n3!nJ 


3.n„eN3 ^4 ' \ 2 4 


E 

beBox([A/((Tjf)]) 


E (9^'?3 n -.*d+e(t4+2ts)Gj,(6, c, k)<^,„^_„^ lb 


(6,c,k)eAEf([A/(<77c>]) i=l 
2c+E7Li + i kj=n„ 


FJRW.GW + J_(„j+„3+„„ 


— • \ \ (jJ^ ^ L 2 4 

/ ^ ^ ^n3,n^,b 

ni,n3,no- bGBox([/<'/((7ic)]) 


.lb. 


For our cases of interest we find the I-function for the second mixed theory to be 

/GW.FJRw(t,2) = 

_ p/'l I 53 I n2L'l34n34n.T 

2 ^16 + 3 + 6.1 ^3 + \^ + r^\-(m+n:,+n^) 

n.hnl r(l + (f+ -) + l)3n3!n.! 
beBox([E/(aE>]) (a,c)eAE®([£;/(<JE>]) 

2c—na- 

— V V a;GW,FJRW L^)a + ^J-(n3-hn+. A 

“■ Z_^ 2-^ ^b,n3,n„ ±by’ni,n3,n., • 

Tii,n3,n„ beBox([E/((TE)]) 
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The FJRW I-function ior W = + + Z'^ + = 0 we find 

to be 




r(^)r(i + f+ fmi)r(i + f+ f)3 




r(f+i)r(i + (f + f) + i)2r(i + i)r(i + (f + f) +1)3 


'T'M'T'N'T'C 

^1 ^2 ^3 , 1 -M-A-C+ 2 | 4 f + g |+ 3 | ^ + g 


^ M\N\C\ ^ 


^ ® ^ 4>h(M,N,C) 


=■ E E 

h {M,N,C):h(M,N,C)=h 


FJRW^l-M-A-C+2[^ + ej+3Lf+ f J 


(kh- 


where h{M,N,C) is given in (C*)^ by 

(_1^ g2^*(f+ f+ i)^ + f+ i)^ e2-*(f+ f + i)^ g2^*(f+ f + i)^ g2^^(f + e + i))^ 


1.1. Structure of this Paper and Statement of Main Result. Borcea-Voisin 
orbifolds are some of the first examples of non-trivial Calabi-Yau threefolds, each 
given as E X El'Ll-, for E an elliptic curve, K a K3 surface, and Z 2 generated by the 
product of anti-symplectic involutions on both factors. We consider special cases 
where both factors can be given as algebraic hypersurfaces in weighted projective 
space, and the involution acts by negating the first coordinate of each. 

In this paper we first give an overview of Gromov-Witten theory, FJRW theory 
and the hybrid theories as defined in [^. Each of these is encapsulated in a state 
space (which provides cohomological information) and an I-function (which provides 
enumerative information) defined from a certain moduli space. On the quotient of 
a variety cut out by polynomials W\, ..., Wn by a group G, Gromov-Witten theory 
gives invariants which count curves going through subvarieties in given homology 
classes, with certain corrections to allow integration over the moduli space to be 
well-defined. FJRW theory gives invariants counting curves endowed with line bun¬ 
dles of given multiplicities at certain marked points, subject to conditions depending 
on the Wi and G. In our case, we have two polynomials Wx.Wi, and this allows 
us to define two intermediate theories, similar to the Gromov-Witten theory for 
one and the FJRW theory for the other. In this paper, we find the state spaces 
and I-functions for all of these theories in certain cases. We restrict to genus-zero 
curves, and ambient and narrow theories, considering only those classes induced 
from the cohomology of the ambient space. 

We end by proving the following: 

Theorem 1.1. (1): For Borcea- Voisin orbifolds of Fermat type with quartic 

elliptic curve, the state spaces of all four theories are isomorphic as graded 
inner product spaces. 

(2) : For Borcea-Voisin orbifolds of Fermat type, the narrow/ambient state 
spaces of all four theories are isomorphic as graded inner product spaces. 

(3) : For Borcea-Voisin orbifolds of Fermat type, a mirror theorem holds in 
the sense that the narrow Ffunctions found in this paper, if written in the 
form /°(t, z) = f(t)z -f g(t) -I- G(t^), are related to the narrow J-functions 
of their respective theories by 

J°{T{t),z) = r(t) = j^. 
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(4) : For Borcea-Voisin orbifolds of Fermat type with quartie elliptic curve, the 
mixed theory Ffunctions /FjRW,Gw(t, z) are related to lGw(t, z) hy analytic 
continuation and symplectic transformation. 

(5) : For Borcea-Voisin orbifolds of Fermat type with K3 surface {x^ + y^ + 

+ ui® = 0}, the mixed theory Ffunctions /GW,FjRw(t, 2 ) are related to 
lGw(t,2:) by analytic continuation and symplectic transformation. 

(6) : ForE = = 0} mP(2,l,l), K = + j/®+ z®+w® = 0} C 

P(3,1,1,1), and a : {X, x) 1 —>■ {—X, —x), /FjRw(t, z) is related to lGw(t, z) 
by analytic continuation and symplectic transformation. 

1.2. Acknowledgements. I am grateful to Prof Yongbin Ruan for his incompa¬ 
rable help throughout, to Thomas Coates for his generosity in advice and fruitful 
discussion, to Nathan Priddis for his taking time to explain certain key concepts to 
me, and to Pedro Acosta and Emily Clader for helpful discussions. 


2. Preliminaries 


2.1. Borcea-Voisin Orbifolds. Any elliptic curve E is endowed with an involu¬ 
tion ge whose induced map on H‘^{E) is —id, most simply given as that induced 
by the map z 1 —>■ —z in C, if E is considered as the quotient of C by a lattice. 

Similarly, several K3 surfaces K are also endowed with involutions gk such 
that the induced map on H^{K) is also —id. These ‘anti-symplectic involutions’ 
were explored and mostly classified by Nikulin in 24 . The fixpoint sets of such 


involutions are unions of curves, which are either empty, have at least one of genus 
more than one, or are the union of exactly two curves of genus one. 
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E X K is Calabi-Yau, as the product of two Calabi-Yau manifolds. It has an 
involution g := ge x whose induced map on cohomology is now the identity. 
The quotient [E x K/{g)], in general, has singularities (unless the fixpoint set of 
gk was empty, in which case we have the Rodrigues surface). We may resolve these 
canonically, and the corresponding manifold E x K/'Ll, known as a Borcea-Voisin 
manifold, is also Calabi-Yau. To avoid considering the resolution of singularities 
separately, we treat the quotient itself as a Borcea-Voisin orbifold y = [E x Rr]/Z 2 , 
the main objects of study of this paper. 


2.2. The Chen-Ruan cohomology of Borcea-Voisin Orbifolds. Hhniy) de¬ 
composes into two parts: first, there is a part coming from u-invariant classes in 
F[*{E X K), which in turn decomposes into {F[~^(E)Z>F['^{K))(B{F[~{E)Z)H~ (K)), 
where denotes the eigenspace of ge or gk respectively with eigenvalue ±1. Let 
the fixed point set of gk be E = Ci, where Ci is connected and has genus 
Pi. Let N' = J2 9i- We compute xi^/Gx) = 12 -|- A — N'. From this, and degree 
considerations, we have 


1 

H+{E)= 0 0, H-{E) = 

1 

1 


H+{K) = 0 


0 0 

a 

0 0 

1 


0, H-{K) = 


0 

1 1 

0 

0 

0 0 

1 b 1 

0 0 

0 
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where a = 

10 -k iV 

- N',b 

i = 10 

- N 

+ 

N'. 

The total invariant part of the 

cohomology is 

then 











1 







0 



0 




0 


a + 

1 


0 



1 

6+1 



6 + 

1 1 



0 


a + 

1 


0 




0 



0 






1 





Second, there is a part coming from the twisted orbifold sectors, or classically 
from the fixed point locus of the involution. In the Chen-Ruan formalism, this is 
given by the cohomology of the fixed point sets of the conjugacy classes of the group 
with the index ‘twisted’ by a number called the age. In our case, we have only one 
non-trivial conjugacy class {cr}, and Fix(cr) = The normal bundle of 

S has rank 2, on which the involution acts with eigenvalue We therefore 

include the cohomology of E: 

4iV 

4iv' m' 

4iV 


but shift the degree by 1, ceding 


( 1 ) 


HhR{y)= 1 


0 

^2.1 

0 


1 

^1,1 

^1,1 

1 


0 

^ 2.1 

0 


0 , 


where hi,i = 11 + 5N — N', /i 2 ^i = ll + 5iV' —TV. It turns out that for every Nikulin 
involntion of a K3 surface whose fixpoint set has N components whose genera sum 
to N', there is another with N' components whose genera sum to N, 26 These 


therefore correspond to mirror Borcea-Voisin orbifolds in the Hodge diamond sense, 
with N = 0, N' = 0 and N = 2, N' = 2 corresponding to self-mirror orbifolds. 

If E and K can be given by equations inside weighted projective spaces P(w£;), P(w/f), 
we define the ambient space to he X = [(P(w£;) x P(w/f)/a-], where d lifts cr. We 
define the ambient cohomology = i * {Hq^{X)) C induced by 

the inclusion i : y ^ X. From basic weighted projective geometry this is always 
of the form 

1 


0 


0 


0 


H*cr{X)= 0 0 


h^nh 


0 


for /i™*’ < 


0 


1 


0 
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2.3. Gromov-Witten theory. A marked (possibly orbifold) curve {C,pi,p 2 , ■ ■ ■ ,Pn) 
is stable if C is connected, compact, at worst nodal, no marked point is a node, 
and has finitely many automorphisms which fix the marked points. This last condi¬ 
tion is equivalent to every genus 0 irreducible component containing at least three 
marked points and every genus 1 component having at least one marked point. 

Given an orbifold 3^, we call a map / : (C,pi,p 2 , • ■ ■ ,Pn) —>■ y stable if and only 
if every component of every fibre is stable; thus, the map can only be constant on 
an irreducible component of C if that component is stable. 

There is a well-defined projective moduli stack /3) of stable maps to y, 

where the source curves are of genus g with n marked points, and the image of the 
maps lie in the class /3 S H 2 {y). There are subtleties about integrating over 
this moduli space. Instead of the fundamental class we generally integrate over a 
specified virtual fundamental class /3)]™ whose definition may be found 


in 18 


An orbifold comes with an inertial manifold ly — IJ(g) Fix{g) which serves 
to decompose the orbifold into parts corresponding to different group conjugacy 
classes at the orbifold points. This moduli space is endowed with evaluation maps 
evi : Dyig^n{y,l3) —>■ ly, given in the manifold case by evi : / >-)■ f{pi). In the 
orbifold case, the inertial orbifold allows us to keep track of which twisted sector the 
evaluation map sends a marked point to. There is a well-defined smooth orbibundle 
hi —)• iXftg^n{y, P) whose fibre at each curve / in the moduli space is the cotangent 
space at f{pi). (At orbifold points this differs from the corresponding tangent space 
for the underlying space by a factor of the multiplicity of the point.) We define 
f’i = Cl (Li). Then the descendant Gromov-Witten invariants are given by 



All these invariants may be packaged into 




fel . .,kn >0 


for '^i>tgtiz'‘ G ^^cr(^)[[-^ ^]]' This is the generating function for the genus-(/ 
descendant potential 



n>0fSeH^^(y) 


which takes values over the Novikov ring C[[i?2(3^)]] (or, in our case, the subring 
involving only effective classes C[[H 2 {y) n NE{y)]].) 

As in [^, we generally specify a degree-two generating set {^q} of HQ^{y), and 
write t = 

2.4. FJRW Theory. This subsection closely follows [^. A Landau-Ginzburg 
model is given by quasi-homogeneous polynomial function W : C[a;i, a; 2 ,... x„] —>■ C 
with weights wi,u) 2 , ■ ■ ■, wn and degree d, and a group G which leaves W invariant. 
We denote by gi, 1 < * < n the charges The hypersurface Xw is Galabi-Yau 
if and only if qi = 1. We shall exclusively work in the Fermat case, in which 




.N 

'i=l 


a;“’, where a* = 4" 


Qi 
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The maximal group Gmax of all diagonal symmetries leaving W invariant is given 

by 

2TTiri 2-mrj^ 

{(e “1 ,... ,e )|1 < nai}. 


Itti „ 

There is a special group element J := (e “i ,..., 

Then (W, (J)) corresponds to the hypersurface Xw = {W = 0} C (C^\{0})/(J) = 
P(u;i,..., Wat). 

More generally, a well-defined FJRW theory may be given by any group such 
G such that (J) C G C Gmax (by a result of Krawitz, 22 , these correspond 
to the admissible groups of [16]), and this morally corresponds to the orbifold 


[xw/iG/m). 

It is easy to check that if Wi , W 2 share no variables in common, then Xwi x Xw 2 
corresponds to {W 1 + W 2 , (Ji, ^ 2 ))- In our case, we will consider a Landau-Ginzburg 
theory of the form (Wi -I- W 2 , (Ji, J 2 ,cr)). 

For h G G, let Nh be the dimension of the fixpoint subspace Fix(h) C , let 
Wh = bF|Fix(g), and let W^°° = (ReWA)“^(]p,+oo[) for p » 0. 

The state space is given by 


’Hfjrw(W^, G) = 

heG 


where 

The sectors corresponding to h for which Fix(/i) = {0} are termed narrow sec¬ 
tors, and we denote their union Hnar- These will be seen to correspond to the 
ambient classes in Gromov-Witten theory. All other sectors are termed broad. 

Analogously to Chen-Ruan cohomology, we define the age of the action of g with 
eigenvalues to be ^k{h), and the Hodge bidegree of Hg is then shifted 

by (age( 5 ) - 1, age(g) - 1), giving total degree degty(a) = Nh + 2{a.ge{g) - 1). 

Analogously to Chen-Ruan cohomology, we define the age of the action of g with 
eigenvalues to be 0fc(/i), and the Hodge bidegree of Hg is then shifted 

by (age( 5 ) - 1, age(g) - 1), giving total degree degiy(a) = Nh + 2{a.ge{g) - 1). 

An alternative construction can be given by the theory of the Milnor ring 


Qw := C[xi, X 2 ,..., xn]Jw 


where Jw is the Jacobian ideal 

dW dW dW 
dxi ’ dx2 ’ "' dxN 

This is a complex vector space of dimension 

^ 1 
i=i 

where it is a straightforward exercise to show that the highest degree attained is 
that of Hess(IF), equal to which we label the central charge, denoted 

by c. 

Then we can alternatively define the FJRW state space sector-wise by 
Ug = H^3(Fix(5))/(d,IF|Fix(g) A ’ dxi A ... A dxjv. 

Let (j)g be the fundamental class in T-Lg, and write cj)^ = 
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There is a natural pairing r](-, •) given in the context of the Milnor ring, given by 


fg 


{f,9) 

g 


Hess(lT) + lower terms. 


FJRW theory associates a moduli stack of curves endowed with line 

bundles and some further structure to each Landau-Ginzburg model {W,G). It 
was originally defined to give an appropriate context for the solution of the Witten 
equation defined in 27 

dW 

dui ’ 


dui + 


where W is a, quasi-homogeneous polynomial and and Ui is a section of a line bundle 
over some complex curve C. a full treatment can be found in [16| . 

Instead of considering maps from the curves to an ambient space, we consider 
specified sets of line bundles which each loosely correspond to coordinates. 

A d-stable W-spin orbicurve is a marked orbicurve (C, pi,... ,p„) with at worst 
nodal singularities endowed with line bundles Ci, C 2 , ■ ■ ■ such that for each 
monomial term Wi = n^i of W we have 

N n 

i=l i=l 


and isomorphisms 

4>i '■ Wiog. 

There is a proper Deligne-Mumford stack Wg,n of n-marked TT-spin curves of 
genus g. 


16 


ax by (e27rjSi(/i)^ _ _ ^ g2'n-jejv(^)^^ Then the moduli space 
kkg,n(h), where <dk{hi) = multp;(£)/d. For a curve in 


We represent h £ Gn 
decomposes into IJhgG" 

Wg,„(h), the corresponding line bundle over the coarse space \Ck\ has degree 


qk{2g - 2 + n) - ^ Qk{hi), 


which must be an integer - this must be true for all k for >Vg_„(h) to be non-empty. 

For admissible G C Gmax, there is some quasi-homogeneous polynomial 

Z such that Gniax(IF + Z) = G. Then Wg^n,G Q ^g,n is the (proper [^) substack 
of (IF -I- Z)-orbicurves. 

There is a virtual cycle [Wg^n,G]™ of degree 2(c — 3)(1 — g) + n — nL{hi), 
and there are ■i/'-classes defined similarly to the Gromov-Witten case. 

The FJRW invariants are given by 

P n 


This is defined via the virtual class of the moduli space, which is given by —i?7r» (®^]^ Ck 
We also have a product structure U given by 

P(aU/3,7) = {a,/3,'y). 

For several reasons it is less complicated to consider only the FJRW theory of the 
narrow sectors, and this paper will only compute the FJRW invariants involving 
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4>h € Hnar- However, it will also help to be able to use the whole group G. We 
define the extended narrow state space 


^ext _ ^nar ^ 0 

heG\Af 

where JV is the set oi h G G giving narrow sectors. 

Finally, we define our twisted invariants, corresponding to an integral is not over 
the whole ambient space, but rather the sub-variety of interest. This is also given 
based on the formalism given for Gromov-Witten invariants in 


16 


19 


2.5. The Fan-Jarvis-Ruan GLSM. This subsection is a very quick overview of 
the required vocabulary of the theory of the Gauged Linear Sigma Model defined 
in 17 . Let G be a reductive group in GL(F), for V some vector space. Let 9 G G 
be some character of G, and let Lg be the induced line bundle over F, given by 
F X C with G acting by g : (v, z) i-)- {g ■ w,9{g)z). A point v of F is semistable 
under the action of G and a choice of 9 if there is some positive integer m and some 
G-invariant section / G iL°(F, L®"*; for which /(v) ^ 0. We let F®®(6*) be the 
set of (G, 0)-semistable points. A semistable point is stable if it has finite stabiliser 
and closed G-orbit, and we label the set of stable points F®(0). In general, this 
removes a zero-standard-measure set of ‘bad points’ which cause the quotient [F/G] 
to be non-separated. In our cases of interest, F®(0) = F®'*(0). We define the GIT 
quotient \V//gG] to be [F®'*(0)/G]. This plays the role of the ‘ambient space’ of 
the theory. 

This theory does not solely consider the action of G, but rather the action of an 
extension of G which generalises the weights. Let be C* acting on F by 


. The Ci are not necessarily positive. If the action of CJj commutes with the action 
of G and GnC^j = (J), where J = Let T =. Let d be a lift 

of 9 from G to F. It is cleart that C F®®(0). We equality holds, we call such 

a lift d good. In our case, we shall only be considering the trivial lift. 

For the last piece of input data, fix a non-degenerate G-invariant polynomial IF 
defined on F of degree d and charges qi = Ci/d. This shall be the superpotential of 
the theory. The image of the critical set CR of IF in the GIT-quotient, [CR/ /gG], 
is of special interest. If IF is non-degenerate, then CR is compact. 

The theory is endowed with a state space directly generalising that of FJRW 
theory. When G is abelian, we define "Hglsm = ©cgQ ^CR^'^dW/eG], IF°°; C), 
where W°° = (ReIF)“^([0,p]) for p » 0, and q = This plays the role of 

the ambient state space. 

If an element g G G has compact inertia stack component (that is, fixpoint set) 
then it is narrow. Hnar — ©g_ narrow ^CR- element of Hglsm is PoincarA 

dual to a substack of CR, then it is critical. Let 'HGLSM.comp be the span of the 
narrow and critical elements. This will encompass the narrow and ambient sectors 
in FJRW and GW theory, respectively. 

The moduli space of the theory classifies stable Landau-Ginzburg quasimaps. 
These are given by tuples 

{C,yi,...,yn,'P,a, k), 

such that (C, Pi, 1 / 2 , • ■ ■) 2/n) is an n-pointed orbicurve, V : C ^ BT is a representable 
principal F-bundle, a : C ^ £ = V x-p V is a global section, and k : C*R —t wlog,C° 
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is an isomorphism of principal C*-bundles, where in turn C : F —>■ is the group 

homomorphism sending G to 1 and ,..., A°") to and wlog, C° is the induced 
principal C*-bundle associated to wiog,c- They moreover satisfy certain technical 
stability conditions detailed in [17| which depend on the lift 1 } and a rational number 
e, which restricts the behaviour of a on certain points of mathcalC. In our case, we 
shall also require that a induces a map [a] : V ^ V with image in CTZ{W). They 
define the notion of the degree of a quasi-map, which coincides with the degree of 
the image in the Gromov-Witten case. We let LGQg’^([C7^-^-^/t/],/3) be the moduli 
space of such stable n-pointed genus-t; LG quasimaps for given d, e and degree /3. 

By the main theorems of [^, This moduli space is a Deligne-Mumford stack. 

This moduli space has a well-defined virtual class, i/^-classes, and evaluation maps 
evi : LGQg’^{[CTZ^^/Q]) —>■ I[C7^//6iG] which allow us to define invariants 


(T/^(ai),...,Ti„(a„)) 


'[LGQ'-,^([CK///e]./3)] 


i=l 


In our case of interest, the possible weights for the character 9 will divide the 
GLSM into four chambers, one of which will correspond to Gromov-Witten theory, 
one to FJRW theory, and the other two to certain ‘mixed’ theories. 


2.6. Givental’s Formalism for Mirror Symmetry. The definitions of Gromov- 
Witten theory, FJRW theory and the mixed theories have already been analogous 
in several ways. For this section, the treatment is identical and follows for all 
generalised Gromov-Witten theories (see 15 ). Let ° stand for any GW, FJRW 
or mixed theory under discussion. So far, each have a state space endowed with 
an inner product and invariants which can be compiled into genus -5 generating 
functions F° = X)n>o Tet the total genus descendant potential 

be 


2 ?° := ^9>o 




Define the symplectic vector space V° to be T-L°{{z ^)) endowed with the sym- 
plectic form 

= Res2=o(/(-^),5(^))°, 

defined via the induced inner product. We choose a polarisation V° = 

This gives us Darboux coordinates (p,q) corresponding to 


k>0 iGl k>0 iGl 


The dilaton shift is a slight adjustment fitting the t-coordinates to our frame¬ 
work: 

9? = - l,9fc = 4- 

We define the Givental Lagrangian cone 


£0 = {P = dq.Fo°}, 

which can be shown to be Lagrangian with respect to fl° by some basic generalised 
Gromov-Witten theory [15|, and is clearly a cone. Its elements may be written 


-<j)oz + tl 


E 


fH fi. 


k>0 

iGl 


ai,.. 

ii,. 


-i ,a >0 




CL-\-\ 


{r 
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By some further Gromov-Witten theory 15 it can be shown that 


£ n TfC = zTfC, 


where C is ruled by the zTfC over all /, and we have a filtration 


Tf£ D zTfC D z'^TfC D ... 


The image of a function /(t) (with t G 71°) corresponds to a ‘slice’ of C. In this 
way C° n —4>oz 0 H 0 V_ corresponds to the J-function: 



0,n+l 


o 


n>0 a>0,iG/ 


Givental’s version of mirror symmetry relates the J-function to the I-function 
I{t,z), which in the Calabi-Yau sense provides solutions to the Picard-Fuchs equa¬ 
tions of the Calabi-Yau family. Mirror symmetry in the sense of Givental insists 
there is a mirror map t : H TC' so that 


r{T{t),-z) = rit-z), 


where on the Calabi-Yau side, is the state space of the mirror orbifold. That is, 
there is an invertible mirror map between the cohomologies of two mirror manifolds 
that not only rotates the Hodge diamond by 90° but also swaps their I- and J- 
functions. Based on the types of string theory to which they are associated, it 
is common to refer to the Kahler geometry relating to the J-function and the (1, 
l)-sector of the Hodge diamond relating to it as the ‘A-side’, and the complex 
geometry relating to the I-function, Picard-Fuchs equations and the (2, l)-sector 
as the ‘B side’. Thus a mirror pair have their A- and B-sides swapped. 

In order to calculate these J-functions (on either side), however, we define an 
equivariant theory first and take the non-equivariant limit. C* acts on each Ck 
by multiplication on each fibre, and on each moduli space by performing this ac¬ 
tion pointwise. The equivariant theories are defined over the ground ring R = 
{pt, C)[[so, si; ■ ■ ■]]; and the invariants are given by cupping the integrand with 
(twisting by) the multiplicative characteristic class 


{E) := exp(y^gfcchfc(£’)), 


k 


where in our case E will be the standard virtual class of either moduli space. 

If Sd = 0 for all d, this class is zero and we still have the untwisted theory. For 


—InA, d = 0 


Sd = 


d >0 


we will recover the dual of the equivariant Euler class of the virtual bundle in the 
non-equivariant limit. 
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Proof. For a line bundle C, we have 

exp(^ Sdchdi-C) = exp(ln(A) cho(£) - ^ ^—j^chd{C) 

d>0 d>0 

= exp(cho(£) - 

d>0 

= Aexp(ln(l + 

= A + ci(£). 

Taking A —>■ 0 gives the desired result for C; as we are working over C, extending 
by the splitting principle will give us the same result for all vector bundles. □ 

We use the twisted invariants to define twisted generating functions twisted 
potential a twisted Lagrangian cone and a twisted J-function J*'". When 
appropriate we will denote their untwisted analogues J*"'. 


2.7. The Landau-Ginzburg/Calabi-Yau Correspondence and Mirror Sym¬ 
metry. Beyond analogous definitions, mirror symmetry is a non-trivial duality 
relating the I-function and J-function. The LG/CY correspondence furthermore 
relates the state spaces and I-functions and J-functions of GW theory and FJRW 
theory: 

Calabi-Yau side 




n 


FJRW 


(W, G), Jgw('^) 


■n 


FJRW 


n^'^iy),iGwiy) = JGw{y) 


{{W, G)), /FjRwCkF, G) = Jfjrw(1Y , G) 


Landau-Ginzburg side 

We shall restrict to the narrow FJRW sectors of (1F,G), which correspond to 
the cohomology sectors induced by the ambient space of y on the GW side, and 
then relate and /pj^^(t, —z), which can both be found by twisting the 

actual I-functions of the ambient space or its LG dual. On the Gromov-Witten 
B-side we take the I-function to provide solutions to the Picard-Fuchs equations of 
a family parametrised by tp around the point '0 = 0. Then the Landau-Ginzburg 
I-function is taken at '0 = oo. The actual LG/CY correspondence is thus given 
as the composition of an analytic continuation from 0 = 0 to oo and a symplectic 
transformation between and 

As a final note, the bottom arrow represents a neat formulation of mirror sym¬ 


metry on the LG side due to Krawitz 22 known as Bergland-Huebsch-Krawitz 


mirror symmetry. Where aspects of mirror symmetry are themselves difficult to 
prove on the Calabi-Yau side, the hope is thus that the FJRW theory will be easier 
to compute. 
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3. The Gromov-Witten side 


3.1. The State Space. There are two elliptic curves of Fermat type X'^ + P{Y, Z) 
with anti-symplectic involution given by X i—>■ —X, tabulated below. 


P{X,Y,Z) 

Ambient space P(no,'Ci, 112 ) 

Y* + Z^ 

Y^ + Z^ 

P(2,l,l) 

P(3,2,l) 


We will assume that E = {X^ + Y'^ + Z'^ = Q} throughout. The second curve 
produces complications, to be discussed later. 

For the sake of simplifaction, from here on E will be the quartic curve {X^ + 
y4 _|_ ^4 _ Q| l),with the corresponding involution aE '■ X ^ —X unless 

otherwise specified. The choice of elliptic curve does not change the full state space, 
and we shall see that the changes to the narrow part of the state space are minor. 
Explicit equations and Nikulin involutions for K3 surfaces in weighted projective 
space given by polynomials of the form + P(x,y,z) are tabulated in 20 by 
invariants (r, a), where {N, N') = (1 + 11 — Those of Fermat type are 


[8pt, 16pt] 


P{x,y,z) 

Ambient space P(wo,ici,ri; 2 jR's) 

N 

N' 

y® + z® + w® 

P(3,1,1,1) 

1 

10 

y^ + z^ + 

P(5,2,2,l) 

2 

6 

y3 _|_ _J,10 _|_ ^15 

P(15,10,3,2) 

4 

4 

y^ + z'^ + 

P(21,14,6,l) 

6 

6 

?/3 + z® + 

P(9,6,2,l) 

3 

7 

+ z® + w® 

P(4,2,l,l) 

1 

9 

y'^ + z^ + w®® 

P(10,5,4,l) 

2 

6 

y'^ + z^ + 

P(6,3,2,l) 

1 

7 

yS _(_ ^12 _|_ ^12 

P(6,4,l,l) 

2 

10 

y® + z® + 

P(12,8,3,l) 

3 

7 


Note that in all of the above cases, only the first has all Wi pairwise relatively 
prime, and in all other cases any common factor for any two Wi,Wj divides only 
those two, and all such common factors are prime. Define d = lcm(wo, wi, W 2 , W 3 ). 

We consider the K3 surface {x'^ + y^ + z'^ + w'^ = 0} C P(3,1,1,1), with involution 
ffK ■ X I—>■ —X. (We use upper case for the coordinates corresponding to the elliptic 
curve, and lower case for those corresponding to the K3 surface). 

We shall also denote the ambient space [(P 2 ,i,i x Pu)o,u)i,u) 2 ,i« 3 )/^ 2 ] by X. 

In this case, from Q, we have 

1 

0 0 

0 6 0 

H^^iy) = 1 60 60 0 

0 6 0 

0 0 

1 


We will be specifically considering the ambient classes^ that is those induced from 
classes from Y. 

We write the ambient space X = (P2,i.i x P3^i_i_i)/Z2 as ((C^\{0}) x (C'^\{0}) x 
C*)/iC*f where (C*)^ acts by 

(Ai, A2, A3) : {X, Y, Z, X, y, z, w, a) 1—>■ (A3A3X, AiY, XiZ, X^WqX^x, X^^y, X^^z, X^^w, Xfa). 
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Thus if a is chosen to be 1, then A 3 = ±1, and the action is that of a. 

We consider which (Ai,A 2 ,A 3 ) have fixpoints - each of these group elements 
corresponds to a non-empty component of the inertia stack. For example, for 
P(3,1,1,1), we consider whether or not V, Z = 0, 01 y = z = w = 0, and find 18 
elements: 

(± 1 , 1 ), {±i, - 1 ), i±i, 1 , - 1 ), ( 1 , - 1 ), ( 1 , 1 , - 1 ). 

However, those which require Y = Z = 0 or y = z = w = 0 do not intersect 
E C P 2 P .1 or K C as this would require X = 0 or x = 0. Only 

two group elements remain: ( 1 , 1 , 1 ), corresponding to the identity, and ( 1 , 1 , — 1 ), 
corresponding to the involution itself. 

Thus the untwisted and cr-sectors in are generated by the Poincare-dual 

classes to 

{Pt} 

E, Hk, pta 
E X Hk, K, E 

where Hk is the intersection of a hyperplane in P«,o,u,i,u, 2 ,u )3 with K, and E is the 

fixpoint set of cr, isomorphic to four copies of Eicm(™i,™ 2 .™ 3 )-i) icm(mi,™ 2 .™ 3 )- 2 ), by the 

2 2 

degree-genus formula. We will find it useful to write the classes in a slightly different 
way: Let = {X^ = 0} be the t-th coordinate Xi, i = 1,... ,8. We will express 
these divisors in terms of the toric divisors De = He y. K and Dk = E x Hk- We 
have De = K, Dk = E x Hk, Dk U Dk = E, De ^ Dk = Hk, U Dk U Dk = 
{pt},D"^K = E\ = 0. We write for the identity class on the u-sector, and the 
point class on that sector is given by Dk U after scaling (which can be seen 
from the intersection form on a resolution of the orbifold, and Bezout’s theorem). 
However, can be shown in both of these ways to be zero, so that De, Dk, lo- 

are multiplicative generators of a basis of the cohomology. For the untwisted sector 
it is the same as the usual intersection product, and for the twisted sector we have 
I^De = 0, so that we may take the (one-dimensional) twisted part of degree 4 to 
be generated by Io-T’a- For P(3,1,1,1), the story ends here. 

For the other cases, when Wi,Wj share a common prime factor p, there is also a 
fixed subspace one copy each corresponding to elements of a subgroup Zp. 

There are two cases: first, one of i,j, WLOG z = 0, in which case the intersection 
with K is B'Ep, but does not intersect Fix((T); we thus have {p— 1) dimensions of 
ambient classes of degree 2 and, multiplying by He x K, another (p— 1) dimensions 
of ambient classes of degree 4. Otherwise, neither of z, j = 0, in which case we have 
that D K C Fix((T), contributing the non-trivial degree-2 sectors from 

B'Ep, which, cupping with De = He x K, contributes just as many of degree 4. 
Furthermore, multiples of He x K are the only classes that cup with these classes 
non-trivially. 

For pij > 1 for distinct i,j, we must include all (a, b,c) G E x -^E x E. Under 
the valuation map such (a, b, c) correspond to the sectors generated by ^ where 

b =i These all have degree 2, and we have as many classes again given by 

Pi, 3 

For pQ j > 1 for j > 0, Fix((Ai, A 2 , —1)) for non-trivial A 2 may also be non-trivial: 
if Wi = 2p /fzco, we have (C^p)^^ = 1 ^ (—l)(C 2 p)^^ = 1 This 

means that both x and the coordinate corresponding to Wi are both fixed, and 
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SO by Bezout’s theorem we have a non-empty zero-dimensional intersection of this 
one-dimensional weighted projective subspace with K, adding a new point twisted 
sector for each odd k from 1 ,..., 2 p: there are p of these, denoted 

The final possible situation giving non-empty twisted sectors arises when Wi,Wj 
do not divide wq but share a common factor for i ^ 0 (which must be 2 ): this only 
occurs for (5, 2,2,1), (21,14, 6 , 1) and (15,10, 3, 2). We have Fix(l, —1, —1) = { 11 ; = 
0}, which also has non-trivial intersection with K and gives (2 — 1) = 1 twisted copy 
of P(^, ^). This contributes just as many new sectors: (p— 1 )-|-(( 7 —1) point sectors 
of the form 1 ^ ^ , and one 1 -dimensional sector lo-q' ^ = lo-o' r , 

which we shall denote Ig, and the generic point in the same sector equal to 
Half of these classes, including Ig, have degree 2, and the rest have degree 4. 

Let 

-S'" = : 2 /r r < 2poj - 1, degcR(-l, CJp, -1) = 

and let 

S(o)= U 

r-wjl(uo 

Under the CR-pairing, (lg)“^ = Z?£:lg-i, (lo-g)”^ = lo-g-i for g ^ g, and 
(l<Ts)~^ = DK'i-ag- 

Then the ambient part of is in general given by the following sets of 

generators, ordered by degree: 


{ 1 } 


{De,Dk, la}U[j {I^y} U UrgS(2){lg r 

l<r<Pi,j-1 P y > 2 : 

U|-, Uiflo-} U U Pi,j>l {-D^lg- } U |Jrg5.(4N lo-gV 

l<r<pij-l p y / j 

{«} 


} 

[U{L>ifl<^g}] 


where the sector Dx^a-g is included when rci = |. 

For E = {X^ + Y^ + Z^ = 0}j similar arguments hold as for K, and there is an 
extra crs-twisted sector, doubling the number of cr-twisted sectors. 


3.2. Enumerative Geometry. We treat T as a Deligne-Mumford toric stacks in 
the sense of |^. 

X corresponds to the stacky fan (TV, S,p) where 


JV = ZY((1 i 0,0,0))+ ((0.0,«. =(i, ^5)) + ((I. ^)) c z 


Wi W 2 W 3 


1 1 W 2 W 3 


Wo’ Wq’ Wo ' 4 ’ 4 ’ 2wo ’ “^Wo ’ 2wo ' 


with p : Z® —>■ given by 


M ^ ^ 

-I 0 1 
000 
000 
V 0 00 


0 

0 

Wi 

Wo 

W2 

Wo 

W^ 

Wo 


0 0 0 i \ 

0 0 0 I 

10 0 ^ 

0 10 ^ 

0 0 1 


where the columns pi, p 2 , ■ ■ ■, ps and the maximal cones of S are those generated 
by all but one of {pi,p 2 ,P 3 }, and all but one of {p 4 ,ps,PsjP?} (and excludes ps, 
which appears only due to the factor C* which is solely included to represent the 
Z 2 -action as toric). 
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The box of S is 


Box(A’) := { ^ OiPi for some k S S, 0 < Oi < 1}, 


and is in one-to-one correspondence with the set of sectors of the inertial manifold 
of X. We are interested in the subset of those which induce non-empty sectors in 
which we shall denote Box(3^). We will also denote the elements of the box 
corresponding to Ig^ _ and by hg^ . and respectively. 

The twisted sectors coming from ¥{wo,wi,W 2 ,W 3 ) are given by the following. 
We note that from the construction of the toric fan of weighted projective space, 
wop 4 + Wip5 + W2P6 + wsPt = 0, so that for each pij := gcd{wi, Wj) > 1, 


rwj 

Pi ,3 


P4+i + 


rWj 
Pi,3 


pi+3 + X! r 


rwk^ 

- Pi+k 

P^,3 


E(- 


rwk, 

- )P4+k 

P^,3 


is an element of the box, since it is given as a member of N on the left and its 
Pi-coordinates are strictly bounded by 1 in the expression on the right. 

For pQ i > 1, we refer to to note that when we have Ci,C 2 € k S S, then 
lcilc 2 = lci+c 2 - 1(T is represented by pg = ^{pi +P 4 ), and so the sectors generated 
by elements of the form are given by ^{pi + P 4 ) -|- the latter being 

the fan representation given above; we consider those inducing non-zero sectors in 
Box(3^) as before. 

We extend S by the sectors represented by si,..., s;, s;+i,..., Sm, where the 
sectors si,...,si represent the and Si+i,...,Sm correspond to the sectors 

given by the elements of S(2). The representations found above give coefficients 
Sij, 0 < Sij < 1 such that J2i-p-^cr(j) ^i, 3 Pi — where a{j) is the cone containing 
Sj (we set all other coefficients for each j to be zero). Furthermore, such Sij 
are unique. Note that Sij = S 4 j = 0 for 1 < j < Z and Sij = S 4 j = — ^ for 
Z -I- 1 < j < m. 

Let 1 < m < M =:= |Box(3^)| and S' = {1, 2,..., m}. Then choose an injective 
function S 1 —>■ Box(jy), given by * i-A- Si, 1 < i < m. We define the S-extended 
stacky fan S'® by extending p : Z® —>• to p® : Z®+’" —>• iV by setting ps+i = S{i). 
It represents the same orbifold as S [^. Following [3], we tautologically lift p to 
R = I with projection p: 


Z® 



Z® — 


Q « 

with kernel , where 

/2 0 1 \ 
1 0 0 
1 0 0 
„ _ 0 Wo 1 

^ “ 0 wi 0 

0 W 2 0 
0 W3 0 
\0 0 2 / 
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Taking the Gale dual we find L = and 

p : Z3+8/kerIm([i?Q]*) ^ kerim ([i?Q]*) 
is given by the same matrix, so that the group 

G = Hom(]L,C*) = 

acts by 

/2 1 1 0 0 0 0 0\ 

a = 0 0 0 Wo wi W 2 Wo 0 , 

\1 0 0 1 0 0 0 2/ 

the desired weights. The columns here correspond to Di in L [^. From this the 
Chen-Ruan cohomology may also be computed from this construction via |^: this 
agrees with our outline in the previous subsection. 

From we can relate the Chen-Ruan cohomology to the stacky fan construction. 

The twisted sector generated by is given by ps = ^pi + ^P 2 + ^Ps- 
The corresponding kernel L'® under ^'-extension fits into the exact sequence 

0 ^ L ^ ^ Z”". 

Considering these inside their tensor products with Q, this sequence splits via the 
map Cj I—>■ eg+j — Therefore L'^ C Q is the image of 

4 m 8 

(a, b,c,ki,..., km) >-^a{2pi + p 2 + Po) + WiP4+i + c(pi -I- p4 -I- 2ps) 

2—1 j — 1 2 — 0 

The Mori cone NE(A’) C L is X)KGS®>oC'r, where is the dual cone of 
G„ = Sorting through the cases, we get 

NE(A’) = {(a, 6, c) G L I c > 0, 2a -I- c > 0, Wob + c> 0}. 

This is generated by rays 

{a + ^ > 0,6+ — = 0,c = 0} = ((1,0,0)), 

2 Wo 

{a+^ =0,6+ — >0,c = 0} = ((0,1,0)), 

2 Wo 

{a + 1 = 0,6 + - = 0, c > 0} = ((-i, 1)). 

2 wq 2 wq 


The ^-extended Mori cone is given by NE^{X) := NE{X) x R>o- 
Using the notation of [^, we define Af = £ L 0 Q | i ^ k =+ Xi G 

Z; Ai G Z, i > 8}, and A'^ = Ukge • That is, those elements of for which the 
following must hold: 2c G Z, one of 2a + c — G Z or a G Z, and one of 

Wob + c — ^j^jA G Z or Wib — G Z, for some i = 5,6, 7. The valuation 

map is then defined to be 

: A ^ Box(S) 
by 

8 8 

2 — 1 2—1 

the latter inequality holding by equations defining L. We set Ab = (u'^)“^(b), 
AE{X) = A n NE(A’) and AEy^lx) = Ab C NE(A’). 
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The untwisted I-function is given in l!]by 


-^Gw(t, z) 




8+m 

E E 

b£Box(S) A^AEb i 


n(d) = (Ai),d<o(-b^» ~b ^ 
n(d>=<Ai),d<Ai('^®+d^) 


where are the Novikov variables recording the class A, and the Di are the divisor 
classes given above for i < 8, and zero for i > 8. 

Denote each term corresponding to (b, A) by Ih.x{t,z). y is the generic zero 
section of the bundle £ = 0(4, 0) 00(0, 2wo)- The twisted I-function of this bundle 
is then given in iby 

y^Jh.xjt, z)Mb^xit, z), 
b,A 

via the modification factors 

2-(2a+c+^ 2-{wQb-\-c-\-^ E^i-|-i ^j) 

Mh,x(t,z)= (4DE + kz) {2 woDk + Iz). 

k=l 1=1 


Note that considering the cases when Xi G Z and Xi ^ Z separately, we may 
write 

n(d)=(Ai>,d<o(-b’i + dz) 

n(d) = (Ai),d<Ai('b^» + dz) 
as 

-[A,] r(A/z0 {{Xi))) 

^(Di(z 0 Ai 0 1) ’ 

where ((A)) := 1 — (1 — A). We rewrite the modification factor similarly. For 
1 = 8, this gives a factor of and for j = 8 0 j, this gives a factor of A- This 
re-expression will allow us to extend the function analytically. 

We now have all the ingredients to write the I-function in our case explicitly. 
Collect all the factors constant in m, n, c, k as K\^, Lb for each b G Box(3^): 






<yg' ^ 

2p 


Ln = 


La = Z 


T(2De/z + 1)T{De/z + 1)^ 
T(4De/z 0 I) 

_^,^T{2De/z+\)T(DeIz + 1)"^ 
T(4De/z + 1) 
T(woDk/z 0 1 ) n^=i L(w„DkIz + 1 ) 
r(2?iioL)/f/z 0 1) 

_ _i/2r(woT’A/^ +|)n^=ir(w,.Dif/0 0i) 
T(2w^Dk/z 0 1 ) ’ 


Lgl , = 


)4+.- )4+0 ) n»^o L(w^Dk/z 0 ( bg ^^^ ) 4 +,. 0 1) 

T{2w^DkIz + 1) 

E0(b,- )4+.-[((b^/ )4+0)nLoT(w^i^T’A'A0(b^g/ )4+;.) 

_P_ ^ _P_ 2p 

. =2: 2r 2r ~ 


^(TO' _r_ 

2p 


T{2woDk/z + 1) 
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Then collect the factors depending on m, n, c, k as F{a, c, k), G(&, c, k): 


F{a,c,k) 

G{b,c,k) 


T{ADe/z + 4a + 2c - 2 + 1) 

T{2De/z + 2a + c- 1]™=! + l)r(^E/^ + a + l)"(2c + 1)! ’ 

T(2woDk/z + 2wob + 2c - 2 + 1) 

T{woDk/z + wob + c - X]jr=i kfj,Sfj.,4 + 1) 


Ill=i ^{wuDk/z: + w^b 


1 

E;r=ifcMV, 4 +i)nr=i^M!’ 


Then we have 


m 

^ XbLb E E (9?9293n^E 

bGBox(3^) cG|No {a,b,ki,...,km)Gf^'^ i—1 

a> —c/2,6> —c/tUQ 
D^(a,&,c,fci,...,fc„)=b 

ga(2ti+t2+t3)+b(ELo ^dd+ohi+i4+2ts)^j^(a^ c, k)Gb(6, C, k)lb. 

Note that all other powers of z cancel, and that this is a direct consequence of the 
Calabi-Yau condition that the charges sum to 1 in each factor space (the (4a + 
2c) + (66 + 2c) coming from the vector bundle precisely matches the a + a + 2a + 
c + 6 + 6 + 6 + 36 + c + 2c coming from the ambient space). Note also that setting 
all the divisors to have degree 1 and all variables other than z to have degree 0, 
our function is homogeneous, and only the first multiple sum contributes the lowest 
powers of z. Upon expanding in z we find our I-function to be of the form 


Z + (2ti + t 2 + t^)DE + (3^4 + ^5+^6+ t7)DK + + 0(z ^); 

M=1 

thus the condition 51 as defined in holds, so that the mirror theorem found there 
applies, as follows. 

Proposition 3.1. 


’^Gw((^^l~^^2+^3)-PE + (3t4+t5+t6+^7)-DA + y^ “ ^Gw(^’ 3^1: ■ • ■ : ^m, z)- 

M=1 

It will be simpler to demonstrate the correspondence in terms of these I-functions 
defined above, but in this paper we do not address the Picard-Fuchs equations, so 
our nomenclature for the I-functions originates solely by analogy from its role in 
the above mirror theorem; our computations are all in terms of the A side. 
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For clarity, in our first example K = + z® + w® = 0} C P(3,1,1,1), the 

I-function reduces to: 






E E 

cGNo a,bG^ 
a'> — cl2 
b>-c/3 


_ ri2DE/z + l)rpg/z + 1)^T{3Dk/z + l)riDK/z + 1)® _ 

T{2De/z + 2a + c+ l)r{DE/z + a + l)2r(3£i/f /z + 3& + c + 1)T{Dk/z + 6+1)3 
r(4i:»ij/z + 4a + 2c + l)r{6DK/z + 66 + 2c + 1) 
r(2c + i)r(4i:»£;/z + i)t{6Dk/z +1) 


E 




cg4No\No o,beZ 
o>-c/2 
b>-c/3 


V{2De/z + i)rp£;/z + l)2r(34lK/^ + i)r(L>ic/z + 1)3 
r(2L»£;/z + 2a + c + l)r(£i£;/z + a + l)2r(3£i/f/z + 36 + c + \)V{DkIz + 6+1)3 
r(4i:»£;/z + 4a + 2c + \)Y[%DkIz + 66 + 2c + 1) \ 

r(2c + i)r(4i:»£;/z + i)r(6i:)K/^ + i) 


Finally, for E = {X"^ + Y^ + = 0}, we have double the number of cr-twisted 

sectors, and the I-function may be found in precisely the same way, but we shall 
omit explicit expressions for simplicity. 


4. The Pure Landau-Ginzburg Side 

4.1. The FJRW State Space. In this subsection we compute the narrow FJRW 
state spaces for IF = + P{y, z, w), where P{y, z, w) has degree d 

and weights wo,wi,W 2 , and G = {Ji, + 2 , cr)- We let qk be the associated charges 
of IF. (Note that Wi = W 4 +i in our notation from §1). First, it is instructive to 
compute the full state space for an example. Below we find the full state space for 
P{y,z,w) = y® + z® + w®. 
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^FJRW 









9 

<^9 

9 

Ng 

<iegw{9) 

Case 

Nag 

Case 

e 

7 

3 

I 

5 

I* 

Ji 

4 

2 

II 

4 

II* 

j? 

5 

3 

III 

3 

III* 

J! 

4 

4 

II 

4 

II* 

J 2 

3 

1 

IV 

3 

IV* 

J 1 J 2 

0 

0 

V 

2 

V* 

JfJz 

1 

1 

IV 

1 

VI* 

JIJ 2 

0 

2 

V 

2 

V* 

^2 

4 

2 

VII 

2 

VII* 

Ji j| 

1 

1 

VI* 

1 

VI 

44 

2 

2 

V* 

0 

V 

44 

1 

3 

VI* 

1 

VI 

4 

3 

3 

IV 

3 

IV* 

Ji4 

0 

2 

V 

2 

V* 

44 

1 

3 

VI 

1 

VI* 

44 

0 

4 

V 

2 

V* 

74 

4 

4 

VII 

2 

VII* 

Ji4 

1 

3 

VI* 

1 

VI 

44 

2 

4 

V* 

0 

V 

44 

1 

5 

VI* 

1 

VI 

I'o 

^2 

3 

5 

IV 

3 

IV* 

Ji4 

0 

4 

V 

2 

V* 

44 

1 

5 

VI 

1 

VI* 

44 

0 

6 

V 

2 

V* 


Case I. W\g = +Y‘^ + Z'^-\-x'^-\-y^ + z^-\- w®. For e, the fixpoint set 

is the whole space, and we have 

= Qwi'dXAdFAdZAdxAdj/AdzAdw = C[X, Y, Z, x, y, z, w]/{X, F®, Z®, x, y^, z^, w^). 

This has generators 

Y^Z’^y^z^ w^dF A dZ A dy A d 2 A dw, 

for 0 < 6, c < 2 and 0 < e, /, y < 4. These are all invariant under a. We 
find that such a form is invariant under Ji iff 4 | & + c and under J 2 iff 
6 I e + / + y. We find that "HUrw — 

Case I*. W\g = Y^ + Z^ + y® + z® + w^. The standard generators of the 
Milnor ring are given by 

Y^Z’^y^z^w^dY A dZ A dy A dz A dw, 

such that 4 I & + c + 2 and 6|e + / + y + 3. This gives 3 x 20 possibilities, 
so that = C®°. 

Cases II, II*, IV, IV*, VI, VI*. Here IFg has only one or 
appearing, and so to be invariant under a we would require the forms over 
C to be 0. Thus these cases do not contribute to "Hfjrw- 
Cases III, V*, VII. These Wg have only one of F"* + Z'^ or y® + z® + w® 
appearing (WLOG F^ + Z^), but also have X^ + x^ appearing. Thus, 
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invariance under both J 2 (otherwise Ji) will require the forms to be zero. 
Again, there is no contribution. 

• Case III*. Here W\g = + z® + w®, with Milnor generators y^z^w^dy A 

dz A dw. We require 6|e + / + g + 3, giving = C^®. 

• Case V. These are the narrow sectors, each isomorphic to C. 

• Case VII*. Wg = Similarly to case III*, we hnd that 'Hpjj^-yp = 

C®. 


Putting this together and sorting by bi-degree, we hnd that 

0 '^FJRW - 'Hgw(V) 
g&G 


as desired. 


We similarly hnd that The narrow sectors have generators 

corresponding to g G G for which Fix(g) = {0} (those of type V above). Ordered 
by degree, these are: 


Ji J 2 

J1J2, JiJi, CTjfJl 
jfJl JiJ|, aj2j4 
J®J| 


4.2. The Narrow Sectors. In general, if wo,wi,W 2 ,W 3 are all relatively prime, 
our group has elements for t = 0,1, 0 < r < 3, 0 < s < d — I. We 

wish to hnd the narrow sectors, which correspond to those group elements h for 
which 0fc(h) 7 ^ 0 for all k. First we consider the case where t = 0. Then we 
must have r = 1,3, and s must not be divisible by any For each i, there are 
Wi — 1 = — 1 ) values of s which are divisible by d/wi not counting 0 (giving 

broad sectors), and these are the ones we exclude. The Gorenstein condition for 
the K3 surface tells us that d := gcd(t(;o,wi,W 2 ,R's) = so it follows that 

there are in total 3 = d — ~ 1) ~ 1 possible s. (Two of these will always 

be precisely s = l,d — 1 ; from the bounds given by the degree formula, these 
are the only ones which can ever have degree 0 or 6 respectively.) This gives at 
least 6 sectors, as above. If f = 1, then r = 2, and we require s to be even, and 
then we argue similarly, but just for wi,W 2 ,W 3 : this gives two possible s giving 
narrow sectors. The sectors aJfJ^ and aJlJ 2 ~‘^ are included among these, so this 
completes the set. 

However, when Wj, Wj have a common factor pij, we note that there are pi^ — 1 
broad sectors corresponding to k for k = 1 ,... ,pij — l which have been excluded 
twice in the above method, since they are divisible by both — and So to avoid 
double-counting, we must exclude Pij — 1 fewer sectors above when t = 0; that 
is, we add another — I possible s. All of the corresponding Ji J| have degree 
2 (that is, excluding s = I,d — I), and all the corresponding J® J| have degree 4. 
Furthermore, is inverse to JiJ 2 ~'^ with respect to the FJRW-pairing. 

When t = 1, for the sectors to be narrow we require s to be even. Thus for each 
i, we must find k such that 2fc(^) = k^ is not an integer for any i. We count first 
those which give integers for some i. Since wi + W 2 + W 3 = wq = §, it follows that 
each Wi = po,i (either I or a prime) or 2po,i- If Wj = poj (in which case Wj\wo), or 
Wj = 2po,j and Wi\wo, then k^ is an integer for any k: there are then possible k 
for each Wi, t = I, 2, 3, and if they are all relatively prime, then this gives a total of 
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Wo — — 1) — 1 = 2 narrow sectors accounting for k = 0. If wj = 2poj J(wo, 

then is only an integer for even k: thus we have poj fewer broad sectors, so for 
each such case we must add a further poj broad sectors. If rci, wj share a common 
factor for i = 1,2, 3, then that common factor is 2, and it follows that this situation 
adds no further narrow sectors. Alternatively one may just check the 0 values of 
crJfJi for the two cases (5, 2, 2, 1) and (21,14, 6,1) to see that these do contribute 
2 + 1 + 1 and 2 + 7 + 3 narrow sectors with t = 1, respectively. 

From the FJRW degree formula for the narrow sectors, with N = 6, we see 
that the degree is clearly even, can only be 0 for J 1 J 2 , and therefore 6 only for 
(JiJ 2 )“^. Otherwise since deg^{h) = 6 — degyy{h~^), for the rest the degree is 
equi-distributed between 2 and 4. 

Ordering by degree, the narrow FJRW state space is then generated by sectors 
coming from 

• J1J2 

• JfJ 2 ,crJfJi, 1 + - 1) sectors of the form JiJ|, 

5 Pod sectors of the form aJ^Ji 

• JiJ 2 ~^, 1 + Ez.i:gcd(i,i)>i(?’uj - 1) sectors of the form 
I J2w [4no Po.j sectors of the form crjf J| 

• J!Jt^ 

For example, for {wo,wi,W 2 ,W 3 ) = (5, 2,2,1) we have narrow sectors coming 
from 

J 1 J 2 

Jf+2,, ^ld^2 > JiJh 
Ji J|, Jf J|, JfJl aJlJl a.h4 
Jl4 


Here, J 1 J 2 is the unit of our product structure 1 (and, in fact, carries all the 
unstable enumerative data). 

For (3,1,1,1), things simplify yet further. The cup product can be found entirely 
by three facts, all found in [I 6 ] : 

(1) (a U /3, 1) = (a • /3 • 1) = r){a, /3); 

(2) For {a -13 ‘ 1 ) = U Pi l) to be non-zero, we need their degrees to sum to 

6 ; 

(3) For the previous condition to hold we need all the line bundles to be integral. 

For three-point FJRW-invariants this implies qj — ^ 


All non-zero 3-point invariants (and hence the cup product) are determined from 
the pairing except for two: <(>+J|) and which 

we have freedom to set to 1. In terms of the cup product, this is exactly the ring 
structure of Chen-Ruan cohomology under the identification 


De ^ 
Dk 


4.3. The FJRW I-function. In genus zero, the virtual class takes a simple form. 
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Lemma 4.1. In genus zero, we have 

fc=l 


Proof. By definition = (—i?° + R^)'^*i®k=i I^k), and over each point 

{C,pi,... ,Pn,Ci, ■ ■ ■ ,Cn,Pi,P2, - ■ ■ ,Pn), the fibre of i?°7r*(0^^j life) is given by 
H^{C,hk). It is thus sufficient to show that, for all k, hk has no non-trivial 
global sections. 

We proceed by induction on the dual graph F of C. Vertices of F correspond 
to irreducible components of C, and edges correspond to nodes. Each vertex v is 
marked by gy, the genus of the component, and Sy, the set of marked points or 
nodes, which has cardinality 
From 


16 , the degree of the pushforward of £i to the coarse curve is 


deg (|£fe|) = qk{ky - 2) - ^ 0fc(/i*), 

i=l 


where hi records the multiplicity of Li at the marked points. For the narrow 
sectors, Qk{hi) > 0 for all i,k. If C is irreducible (so there are no nodes) we have 
Qk{hi) = mi^kQk for m^^k G Z>o, and so 


n 

degd/lfcl) = -2qk + - mi^k) < 0, 

2=1 


so that H^{C, Lk) = 0. 

Otherwise, since C is a compact connected curve of genus zero, F is a finite tree 
where every irreducible component has at least one node. Let Uk be any global 
section of Lk on C. Let Uy be the number of edges (nodes) attached to v. Then we 
have 

deg(£fe|«) < qkijiy - 2) < - 1. 

If u is a leaf of F corresponding to irreducible component Cy, then Uy = 1 and 
deg(£fc|„) < 0 and so ak\y = 0. We proceed by induction: if at each stage we 
remove all the leaves and consider the leaves of the new graph we obtain, these 
correspond to vertices of the original graph all of whose adjacent vertices but one 
have been removed earlier; that is, to components all of whose nodes but one are 
connected to components on which a is known to be zero. We must show that a 
is zero on all the leaves. This follows from the the above inequality, as a has more 
zeroes on the given component than its degree there, so must be constantly zero. 
The result follows. □ 


Definition 4.1.1. For h £ G, let ik{h) = (0fc(/i) — qk). 

Note that since each k such that 0fe(li) = 0 increases N by 1, we have degiy(/i) = 

We have already discussed the twisted variants in §2. These correspond to a full 
twisted FJRW theory, which corresponds to considering a slightly different set of 
line bundles. Intuitively, we may separate out the line multiplicities by the greatest 
common divisors of their multiplicities at the points; accounting for the fact that 
d-th roots may be lower degree roots too. First, note that over marked curves, to 
give the n-th root L of wiog is equivalent to giving an n-th root L of ujiog{—D) for 
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some divisor 0 < D < with multiplicity 0 a,t pi. This correspondence can 

be given by £ i-A p*p^C^ where p is the map which forgets the monodromy at the 
marked points. Then from this perspective we can separate our narrow sectors from 
the rest in a slightly modified moduli space VVg,n- This can be constructed for one 
line bundle at time, for each component corresponding to a series of multiplicities 
h, and then given in full as a union of all possible fibre products of such moduli 
spaces across all 7 line bundles, satisfying conditions specified by the group action. 
Thus the moduli space decomposes into a disjoint union of moduli spaces yV’(h). 
We will not dwell on the full machinery here, but see for details. 

We wish to show that considering these modified line bundles (and thus defining 
our invariants over this twisted moduli space instead) removes the issue of broad 
sectors in a clean way for the twisted invariants in genus zero. 

Lemma 4.2. (Ramond Vanishing) Over Wo,n(h), we have that Ck) = 

0 and is locally free. 


Proof. This is clear if all sectors in h are narrow. Assume there is a broad sector 
hi. Then Qk{hi) = 0 for some k. The short exact sequence 

0 —>■ .Cfe —>■ Pk{Di) —>■ Lk{Di)\Di 0 

induces a long exact sequence 

0 —> TT^Ck TTifCkiDi) —>■ T^*Ck{Di)\Di 

—^ R^TT^Ck R^T^*Pk{Di) —> R^'Kf,C.k{Di)\Di- 


The last term is zero by dimension considerations, and the first two terms are 
zero by a similar argument to lemma 4.1 but with one extra subtlety - if C is 


reducible and we follow through the same argument for the irreducible component 
Cv containing pi, we may conclude that (iegLk[Di)\c^. < Uy (the number of nodes 
on C„), not < Hy — 1. But since in our inductive step we are considering non-tails 
it must be connected to at least two other components, and since we can prove this 
step for all other components it follows for Cy too. Thus our long exact sequence 
is reduced to 


0 —>■ •KifCk{Di)\Di R^TTifCk R^'KifCk{Di) 0 , 


and so 

Otop(77 TT^Pk) — Ctop(Zli)I) * Ctop(77 • 

Note that Lk{Di)\ui = Pk\Di^ and since by assumption our multiplicity is zero here, 
this is a root of wiogluii, and this is trivial, we have that Ctop{T^*{Pk(,Di)\Di) = 0, 
and so Ctop(A^7r*>Cfc) = 0. □ 


The derivation of the I-function will follow similar reasoning to that of the anal¬ 
ogous theorem in [^. First, we compute the untwisted J-function. For 

J[Wo.y. + l.G(.hi,...,hy„h)Y'^ 

to be non-zero we require the moduli space to be non-empty, which when all sectors 
are narrow requires that 

-2qk -I- ^ ik{hf) = ik{h) 
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be an integer, so that ik{h) = ik(hi)). Accordingly, for n = (ni, n 2 , ... ,n„ 

we define by ifc(hn) = {—‘^<lk + J2^=i We further require that the degree 

of matches the dimension of the moduli space; that is, a = n — 2. In this case, 
by the string equation proved in [16j , we find that (4.3) is 1. 

Therefore 

^ tt 

^|n|- 


J“(t,2) = 


n:G->-No 


in 

heG 


n(h)! 


~4’h„ 


where we label the term in the sum corresponding to n by J™(t, z). 

We dehne a twisting map A : t which takes the untwisted Lagrangian 

cone defined via the untwisted invariants to the twisted Lagrangian cone 
defined similarly via the twisted invariants. 


Proposition 4.3. If we set 


A = 0 exp(^ +qk) 


h k—1 


d>0 


[d + iy. 


where Bd{x) is the d-th Bernoulli polynomial, then A is a symplectic transformation 
and A(/:™) = . 

Proof. First, we show that A is symplectic. Consider il{Af, Ag) for f,g € 
Expanding /, g we note that the only non-zero terms in the product are given by 
pairing terms in (fh in / with terms in (/i/j-i in g. We write / = fhf’h and 
g = Yh9h4>h- Note that in this case ik{h~^) + qk = I — {ik{h) + qk) and since 
the Bernoulli polynomials satisfy Bd+i{l — x) = {—l)‘^'^^Bd{x), it follows that 
r2(A/, Ag) is the residue at z = 0 of the sum given for each h by 


-I—1- „ -®d + l (*fc (^) + 9fc) -I—1- '.“fc v- )-rHkJ f \d. 


— 


(„ -®d+l(*fc(^) + «fc) ^d I „ + ^ 1^d..d 

(d+1)! ^ ^ fd+ni v ^ 


(d+1)! 


{fh{z)(l>h,gh-d-z)(l^h-^) 


= {fh{z)(j)h,9h-^{-z)(l)h-^), 


which gives Res^^o = ^if,9), as required. 

The potential is defined in terms of a quantum expansion; we sho w th at AI?“" = 
I?*'", where A is the quantisation of A (see the detailed exposition in 


15 


for details). 

This is given by first forming the Hamiltonian corresponding to 

hF{v) = then quantising the coordinates of by 

replacing them with the operators 


9^ = 9\ 




d_ 


we obtain hp, and define V = 
We show that 
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Remembering the dilaton shift (2.6), it is straightforward to check term by term 
that is a solution to 

k ^ ’ 


p(/c) _ Bd+i{qk) d Bd+i(ik{h) + qk) k d 

^ ~ (rf + 1)! dtiy~ ^TT)^ 

h&G 

, ^ ( T\a' h,h' Bd+i{ik{h) + qk) 

2 {d+l)\ 

d-j-o — d —1 

h,h'&G 


Here t]^’^ = e‘^°Sh'^h-^j the inverse of the pairing. 

We wish to show that and is also a solution to the above equation; the 
equality will then follow. Expanding and remembering the integral definition 
of the invariants and c{E), after some calculation we find that 'D^'^ is a solution if 
and only if 

OO ^ 

■ • ■ ,t{il}),chd{RyCk)) ■ c(i?7r40£,)))o,n 

n=0 I 

^ p(fe) TTtw , ^ h,h' ddd+l{ik{h) + qk) 

® 2 0 ; > ^ (d+i)! dfi df^: 

CL~\~Cl — d —1 

h,h'&G 

Here we appeal to [^, where this equation was proved in some generality. 

Therefore we have A((D™) = T>^'^. Taking the semi-classical limit h ^ 0, the 
conclusion follows. □ 


We set 


Note that 


Dh = f‘ 




D^ = yik{h)Dh, 

heG 

s(a;) =^sA, 


d>0 


Btn{y) m-l 


Gy{x,Z) - y Sl+m-1 


Z,m>0 


DkJr{t,z) = n{h)jr{t,z), 

Gy{x,z) = Go{x + yz,z), 

Goix + z,z) = go{x, z) + s{x). 

We will build our twisted I-function from these functions, and prove that it lies 
on £*"' as given above. We set 

7 

J®(t, z) = exp(^(-Gq, {zD'^, z))). 
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Note that we may write 

7 

^^(M)=En exp(-Gg^ n{h)ik{h))z, z) J™(t, z), 

n k—1 HgG 

7 

A=n0 exp{Gq^{ik{h)z,z)). 
k=lhGG 


Lemma 4.4. J^{t,z) lies on 

Proof. We follow the proof found in 0- We write elements of in standard 
form: 

/ = + E +E (^%li 

l>0 l>0 '' 

for some pi{f) = Y.hacPiAf)^’^■ Define 
EiU) =Pi(/)- E 

n>0 

heG 


Then 

/:- = {/£ V"" I £;,(/)= 0}. 

For the purposes of an enumeration for induction we set deg(sd) = d + 1 and 
perform induction on the terms of J®(t, z), ordered by that degree, treating it as a 
power series in si, S 2 , • • (The Sd are mixed since they appear in the exponential 
factor, so we do not simply perform induction on d.) The degree zero part has no 
equivariant terms and reduces to J'^’^{t,z), which is of course in This is the 
base case. Now assume that the degree n part vanishes. Then we can find some 
‘corrected’ J®(t, z) which is in which has the same degree-n part as J®. 

The idea is that taking the derivative with respect to each Sd knocks down the 
degree of each term by at least 1, and we can use our inductive hypothesis and 
properties of the Lagrangian cone to prove the hypothesis for the degree n +1 part. 
By the chain rule, viewing Ei as a function of J®: 


_d 
dsd 


—{E,irit,-z)) = {dj^Ei)o{z-^Pdr{t,z)), 


where from the definition of J® we have 

d-\-l ^ 

Pd=Y , 1 


m—0 


m\(i + 1 — m)\ 


But then up to degree n, 


d 

OSd 


d 

dsd 




Since zTjsC'^^ = n and is a cone, we have that operating on 

any point of by zD gives us a point of zTjbC'^’^ c Tjs£™. By repeated 
application a polynomial in such operators still keeps the point in this space, since 
^ zTjsC'^’^, so PdJ^ is still in zTjsC'^’^; and thus z-'^PdJ^ lies in 
Therefore the whole derivative vanishes, so that the hypothesis holds up to degree 
n + 1, and our conclusion follows. □ 
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It follows from the two previous lemmas that A( J®) lies in the twisted Lagrangian 
cone; this will be our equivariant I-function. We have 

z) := A(J^(t, -z)) = M„(z) J“(t, z), 

n 


where 


M„(z) = n exp(G,,((^ n{h)ik{h))z,z) - n{h)ik{h)z, z)) 

heG heG 

{-QkZ - {J2heG n(/i)4(h))z - bzY 


k=l 


n exp(-^sd- 

l<k<7 d>0 

0<b<lT,h€G n(h)ik(h)\ 


d\ 


) 


n exp(ln(A)+ ^(-1) 


d+1 {dkZ + {'EhdG ^{h)ik{h))z + bzf 


l<k<7 

0<&<lEfeeG n(/i)ifc(Ii)J 


d>0 


d\ 


) 


(A + qkZ + (y^ n{h)ik{h))z + bz) 


l<k<7 

0<&<lEheG n(/t)ifc(/i)J 


/iGG 


similarly to the argument in 11 , and likewise as A —>■ 0 we obtain the non- 
equivariant I-function, which in our case we restrict to the narrow sectors of degree 
at most 2, so that 


n:A/deg< 2 —>-1^0 


n {dk + (^7i{h)ik{h)) + b^\ 


l<fe<7 
0<b<[T,h€G n{h)i^{h)] 


^n(/t) 


= E n 


n:7VdBg<2->'No ' l<fe<7 


V n(h)! 

r(gfe + E/in(h)ife(h) 

"(dk + (E/tn(h)4(h)) -I- 1 




t“(^) 




- S 


,FJRW VJifeWJ-|n|+l 


Yh- 


h^J\f deg<2 


Separating out J 1 J 2 contributes a constant factor of _n = e 

This expression may be most easily expanded for W = -\-x^ +y^ + 

+ w^ = 0: 

(zfc(J?J2))fc = (0,i,i,0,0,0,0), 

(4(JiJ|))fc = (0,0,0,0, -, -, -), 

(*fc(aJ?J|))fe = (0,i,i,0,i,i,i). 

We re-express the sum over n as a sum over the triple (n( J 2 ), n( Ji J|), n(cr J|)) = 
(M, N, G), as follows: 
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r(i)r(i + f+ fmi)r(i + f+ f)3 


r(i + i)r(i + (f + f) + i)2r(i + i)r(i + (f + f) +1)^ 


T'M rpN rpC 

:fj__i2_f_3_ l-M-Af-C+2 [ f- +f J+3 L4 + f 


^ M\N\C\ ^ 


=■ E E 

h (M,N,C):h(M,N,C)=h 


^ ® ^ (l^h{M,N,C) 

FJRW^l-M-Ar-C+2Lf^ + ej+3Lf+ f J 


i’ll- 


It is easily seen that the exponent of z depends only on (M mod 2, N mod 3, C mod 12), 
and that for each h there are only 6 cases. For other orbifolds of our type, there 
are similarly few cases, which depend similarly on the lowest common multiples of 


Wi. 


In the general case, consider for which terms the exponent of z can be 1. This 
would require 

En(/i) = 

k k h 

but since it is always true that ik{h) < 1, we must have ik{hn) = (E/i ri(^)*fc(^)) = 
0 for all fc, whence hn — JiJ 2 - Since we require that {J2h ^{h)ik{h)) = 0, the linear 
coefficient of t must be zero, so it follows that the term in z^ must be f(t)zd)j,j^, 
where fit) = 

Then we may write /FjRw(- 2 ,t) = /(t)z(/)j^j 2 + g(t) + C>(z“^). Then if we set 
T(t) = git)/fit), we find that 

-'FJRWV*'’ 

/(t 


lies on and is of the form +t + C>(z ^). Since the J-function is unique 

with respect to this property, this gives us the following FJRW ‘mirror theorem’. 


Proposition 4.5. 


j(W,G) 

•^FJRW 






z) 


/(t) 


5. The Intermediate Mixed Theories 


We consider the Borcea-Voisin orbifolds as arising as complete intersections Y 
in GIT quotients 

Xe ■■= \V//eiC*)\ F = (C^ X C'‘ X C X C^) 
for some character 6 of (C*)^, where (C*)^ acts by 

/2 11 0 0 0 0- 40 

0 0 0 Wo iTi rc2 W3 0 —2wo 

yi 00100 0 2 0 0 



The potential for this theory is given by piIFi + P 2 IF 2 where here the variables 
Pi, P 2 give coordinates of the last factor to fit in with the notation of 
critical locus of this potential is therefore 


17 . The 


{bFi 


0,IF2 


0,Pi 


dWi 

1)X' 


...,Pi 


dWi 

1^' 


Since IFi, IF 2 are non-degenerate, either pi = Wi 
either p 2 = W 2 = O or p 2 7 ^ 0, (cc, y, z, w) = 0. 


P2 


dW2 dW2 . 

a 1 ' • ‘ 1 P 2 j • 

ax ow 

0 or Pi 0, iX, Y, Z) = 0, and 











THE GROMOV-WITTEN THEORY OF BORCEA-VOISIN ORBIFOLDS AND ITS ANALYTIC CONTINUATIONS 


We split into cases according to the characters 0 : G —>■ C*, which acts on the 
total space of Lg by 

9 = (Ai, A 2 , As) : (v,z) i-A {g ■ v, Af A^'^Ag^'z) 

. In each case we shall consider 63 > 0. 

(1) If Cl < 0 and 62 < 0, then the semi-stable points require some section / of 
Lf^ to be G-invariant and non-zero there. Since the weights are negative 
for pi,P 2 ,P 3 but positive for the other coordinates, to ensure invariance 
we require each monomial in / to have at least some non-zero X, Y, Z (for 
Ai 7 ^ 1 ) and some non-zero x,y,z,w (for A 2 ^ I) to cancel the negative 
weights from 0. Otherwise, we have complete freedom to choose k and /. 
Therefore, 

V^%0) = {{X,Y,Z),{x,y,z,w)j^O}. 

We choose d to be the trivial lift, which is clearly good. The intersection 
with the critical locus is then 

(C3\0) X (C4\0) X (C\0) X {0} X {0} 
i (^3 J- 

This is the geometric phase, which cedes Gromov-Witten theory. 

(2) If Cl > 0 and 62 < 0, then the semistable locus is 

[V^y/eG] = [(C^ X (C4\0) X C* X C)/(C*)3]. 

The ambient space can then be viewed as a non-trivial i 3 Z 2 -gerbe over 
\K/{aK]- This is the first mixed theory. 

(3) If Cl < 0 and 62 > 0, then the semistable locus is 

[y® 7 /eG] = [((C7o) X X C X C*)/(C*)3]. 

The ambient space can then be viewed as a non-trivial i 3 Z 2 -gerbe over 
[E/{a e\- This is the second mixed theory. 

(4) If Cl > 0 and 62 > 0 then the semistable locus is 

[I/"V/eG] = [(C^ X X C* X C*)/(C*)3]. 

This is the FJRW theory. In our case, we have chosen pi = P 2 = 1 and the 
group action is the same as that of the group (Ti,d 2 ,CT) considered in the 
FJRW section. 

We shall calculate the I-functions for the two mixed theories; it will be convenient 
to express the state space in a way that relates to the GW and FJRW theories. We 
first compute the first mixed theory, which we label by {FJRW,GW), in that it 
is related to the FJRW theory for the elliptic curve part, and the Gromov-Witten 
theory for the K3 part. The situation for the other mixed theory is entirely similar. 

Consider the induced actions of cr G G on Hck{G ^and Hc^{{x'^ + 
P{x,y,z) = 0}). These split into positive and negative eigenspaces, JJpjR-vv e 
^GW.A respectively. 

If RelF takes on value greater than 2p, then either Wi (the polynomial defining 
the elliptic curve) or IT 2 , the polynomial defining the K3 surface) must have real 
part greater than p. Taking p arbitrarily large, this allows us to decompose IF"'"°° 
and apply the Kiinneth theorem for relative cohomology to the GLSM state space 
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Then the part of the total Chen-Ruan cohomology untwisted 
by cr is given by the singular Kiinneth theorem as 

(^FJRW, E ® ^gw.at) ® (^FJRW, E ® ^Gw,if)- 
To this we must add the part twisted by cr, which is given as the G-invariant relative 
Chen-Ruan cohomology of 

Fix(cr) = (Fix((Ji,crE))) X Fix(crif) C X + P{x,y,z) = 0}/(J2)])- 
By the Kiinneth theorem this is the tensor product of the cr-twisted parts e® 

TT<yK 

^GW,K- 

We are interest in the sectors of compact type. These are by definition the spans 
of the narrow sectors (which are induced by the narrow sectors of 'Hfjrw.Fj and 
the critical sectors (which are induced by the ambient sectors of 'Hgw.k)- Thus we 
have 

T/comp _ / rrnar,+ ^ rramb,-|-\ „ / Trnar,- ^ j^amb,-\ / t^cte ,nar ^ .amb', 

'^FJRW.GW “ \^FmW,E^^GW,K)^\^FJRW,E^^GW,K)^\^FmW,E^^GW,K )■ 
We have a basis of given by elements we may write of the form: 

• 0Jilo 

• 0j3lo, 1 -h J2i,r.gcd{i,j)>iiP^,J - 1) sectors of the form 

h Po.f sectors of the form crjf 

• (t>JiDl, 1+E*,g:gcd(zj)>ifej—1) sectors of the form 

5 Stu 1^0 PO’f sectors of the form (j)^^j 2 lgj^^ and a sector (fijsDKlg when 

^1 = 1 

The new GLSM theory unifies the notion of degree, as well as the pairing. We have 
Aeg{(j)hfi) = deg{(j)h) +deg(/?). This gives an isomorphism between all narrow state 
spaces. 

In our case, we re-express the Landau-Ginzburg quasimaps for the case of toric 
stacks as given in 17 , decomposing the line bundle V and the sections a, k into 
summands. Then, for E C P(2,1,1), the moduli space LGQp^^{Xg, 13) is given by 

{{C, Zi, . . . , Zn, Cl, C 2 ,T, Sx, Sy, Sz, Sx, Sy, Sz, 7 ^pi 7 ^P2 ) ■ 

SX e i7°(/:f <8) T), Sy, sz G ff°(Ci), Sx G i7°(/:f“’« 0 T), 

Sy G H\C®^^),Sy G H°{Cf'^^),Sz G H°{Cf^^), 

Sp, G H°{C^^ (8) wiog), Sp, G (8 a;iog),r®" = O}, 


where the stability conditions are satisfied. 

For Gromov-Witten theory, the sections Si induce a map f : C ^ X^, so this 
is the moduli space of stable maps. For FJRW theory, this is the moduli space of 
spin curves subject to the conditions provided by these sections. For the mixed 
theories, we exploit the fact that the moduli space decomposes. Note that there 
are two possible 2-torsion bundles T: one trivial and one not. Suppressing the 
markings, each LG quasimap (C, £i, £ 2 , T, crx,... ,(Jx ■ ■ ■, Upi, o'p 2 ), gives a pair of 
LG quasimaps 

(C, £ 1 , E , U'x, Uy, (J 2 , ^pi )j (£5 £25 E , (Jx, ^y, ^z, ^ W , ^P2 ) ■ 

T depends on /3, which corresponds to a member of the state space. Thus, provided 
this condition is satisfied, that moduli space presents as a fibre product over Mg^n- 
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In the Gromov-Witten case, this is to say that giving a stable map / : C —>■ 
[E X KI'L-2\ is equivalent to giving one stable map /i : C —)■ [E/{aE)] and another 
/2 : C —)■ [K/{aK)], provided that the images of /i, /2 either both lie in the untwisted 
component of their inertia stacks, or both in the twisted components (giving a well- 
defined class (3). In the FJRW case, we see that the we get separate line bundles 
subject to conditions equivalent to the FJRW stability conditions, i.e. the structure 
of IF-spin curves. 

For the first mixed theory, for h e {Wi,{Ji,aE)), P G {[K / {a k )]) 

such that h/3 G Hfjrw.GWj the genus-0 n-pointed moduli space for h/3 may be 
written 

^FJRW.GW , 


M, 


(W,G,/3h) M'^;:p[K/{aK)iP). 

This justifies the subscript notation for the mixed theories. 

The Hodge bundle of this theory decomposes similarly, and we have 


V'FJRW, GW,i = V'FJRW,i'0GW,D 


SO we see that the invariants above in fact decompose as 


(Tai (hi),..., Ta„ 


(h„)) 


(lYlJJl.fTE)) 

0,n 




(Oin)) 


([A/(^e>]./3) 

0,n 


Composing the evaluation maps with the two projections gives a similar composition 
there. The only difficulty in determining the invariants lies in the fact that the 
virtual class does not necessarily decompose naturally. 

We compute the untwisted invariants as follows. Since we are working with toric 
stacks, we may let p : LGQppXg, 13) Mo^n{Xe, (3') be the natural map sending 
a stable LG-quasimap to the induced stable map to Xg, where (3' is the induced 
homology class. For genus 0, the virtual class is given by the cosection construction 
in both cases, and is preserved. The untwisted invariants are therefore given by 


("^ai (ojl); ■ ■ ■ J (a„))g^.,j / 

J p 


p-([Mo,„(A8./3')]viO 


]Jev,(ai)C 


which by substitution are the genus-0 Gromov-Witten invariants of the ‘ambient’ 
Xg. This is a toric stack, and as such can be computed from the main theorem of 
[^, as before, after naturally identifying the Chen-Ruan basis with the mixed basis. 

For example, we can see that the untwisted FJRW theory is equivalent to the 
Gromov-Witten theory of BG, and indeed that the untwisted FJRW J-function 
from the previous section may be given by identifying the FJRW 

basis elements (fih with the fundamental classes of the /i-sectors. 

The string equation allows us to write this as 

TUn -1 _ (bji lo* Ji-l-JZisO “•'?^oR’Kt4+i-|-liierE Icte+ 5I]g;deg(,#>c Ic g)=2 b<TE 

•^FJRW.GWVl^i ^1 —e ® ) 

^ _ UtinmPK/z + l) _ 

T{woDk + Wob J- c-l- 1 ) nLi 33{wiDK/z + Wib + 1 ) 

The twisted I-function may be found by the same methods of quantisation Given- 
tal given in the previous section and the orbifold Grothendieck-Riemann-Roch theo¬ 
rem, and from the work of Tseng, as detailed in . We express it slightly differently, 
exploiting the decomposition of the moduli space and the additivity of the functor 
CtopR^TT*. As in [?CIT| , let (3 G Boyi{[K/a k\) correspond to the fundamental class 
of a component of the inertia stack of \K/{aK)]^ let JC be the line bundle whose 
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first Chern class corresponds to K, and for {p,g) € I[K/{a)], let g act on JC\p by 
g2ir*/(&)_ Then we have the following decomposition. 

7 

^=(11 0 exp(G,,(4(^)2,2:)) 0 exp(Gy(b)(S,z)). 

k—A h^{J\,aE) /3gBox([/C/(Tj^])/),/3g'Kfjrw,gw 

Then we have 


/FjRW.Gw(t,z) = 

rG -1- ”3 I n„\2-i.n3,n„ 

V 2 ^U+2 + 4lfofo |ia + Z^|_(„3+„^) 

rf 1 /lia _|_ n2:\ _|_ 1\2„ I„ I 

"s.n.eNg U + \2 + 4/+ ) ns-Ua- beBox([A/(^if>]) 

m 

E (9293 n ™.*d+e(t4+2ts)Gj,(6, c, lb 

(fc,c.k)eAES([;f/(<,^)]) i=l 

2c+E7Li+i 

■ ^ ^ y '"n3,n„,b 

ni,n 3 ,n„ beBox([A/(crjf)]) 


FJRW.GW [p + ^^J-(ni+n3+ri 


^ni ,n3 ,n^ ib 


where a factor involving c appears only once. Here we have extracted a factor 
of suppress the term-wise dependence on ni, and of course 


2 = 


r(J) 


r(i+i)- 

For the second mixed theory, we compute the I-function for either of the two 
considered elliptic curves E and VF 2 = . Again, we may write a 

basis of 'HgwI'fjrw as 
• lo'/'Ja 


' UK-Ji 

[j '^<^ Eg 4 ’aKJi 

Ge J2 

[) Io’es'/^ite J2 


• De4>j^ 

where the terms in square brackets come from the extra sector l^g that appears 
for E = {X2 + Y^ + = 0}. 

As we had before for IFi, let h(^ni,n 3 ,n„) be the unique element of {J 2 ,<xk) such 
that 


ik(h( 

ni,n3,nCT )) = ni4(d^2) + nzik{Jl) + naik{<7KJl)- 
Similarly to the hrst mixed theory, we find, for E = {X^ + Y^ + = 0}, 

/GW.FJRw(t,2) = 


E 

n3."<TeN§ 


, r(i + f + 

^r(i + (^ + ^) + l)3n3!n.! 


I ^i3 I I 

3 + 


-] -(ni+n3+n 


beBox([E/(aE>]) (a,c)eAE®([£;/(<JE>]) 

2c—na- 


E 


E 


GW,FJRW [P + ^J-(„3-H„,,) 
b,n3,n„ 


i'ni,n3,n„ ■ 


ni,n3,n„ beBox([£;/((TE)]) 
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For both of these mixed theories, the exponent of z is then only 1 for the term 
corresponding to the identity or respectively), and the coefficient of 

is clearly linear in t. If write 

^FJRW,Gw( 2 ,t) = fi{'t)z4>Jiio + gi(t) + 

-^GW,FJRw(^:, t) = /2(t)2;^io + g2(t) + 0{z~^). 


Then for i = 1, 2, if we set Ti(t) = gi(t)//i(t), we find that 

/(t 


lies on and is of the form zcjjj^j^ + t + 0{z ^). Since the J-function is unique 

with respect to this property, this gives us the following FJRW ‘mirror theorems’. 


Proposition 5.1. 


j(W,G) 

■^fjrw.gw 


(n(t), 




j{W,G) 

GW,FJRW 


(T-2(t), 




t(Wi,{Ji,(te)),[K/{ aK)] \ 

-'FJRW.GW W’ 


/l(t) 


j[E/ ((T£;)],(VK2,('^2,CrK)) 
'^GW,FJRW 


(t,z) 


/2(t) 


6. The Correspondence 

6.1. The State Space Correspondence. Artebani, Boissiere and Sarti have 
proved in that "Hfjrw — 'Hgw for all Borcea-Voisin orbifolds except those 
for which 6|ryo, by constructing birational models for them. There are three such 
Fermat cases, where {wq,Wi,W 2 ,w^) = (6, 3,2,1), (6,4,1,1), (12, 8,3,1). We com¬ 
pute these too, along similar lines to how we found the state space for (3,1,1,1). 
The argument for "Hfjrw, gw and Hgw.fjrw follow identically. 

Consider the possible restrictions of W to fixpoint sets of elements of G which 
have non-zero-dimensional G-invariant Milnor ring. They must satisfy the following 
properties: that appears if and only if appears (since a must be preserved), 
and that if (resp. x^) appears, then other terms in Y,Z (resp. y,z,w) must 
appear (from the invariance under Ji, resp. J 2 ). Splitting the coordinates X,Y,Z 
from X, y, z, w and finding the corresponding fixpoint spaces, we list the possibilities 
these conditions leave and tabulate their contributions below. 


IT' 

#{(/ G G IF Fix/g) — bF'} 

dim('Hpjp^^) 

X'^ YY'^ + Z^ + x'^ + y'^ + z^ + 

1 

30 

X‘^+Y^ + Z‘^ + x^ + 

2 

2 

X^+Y‘^ + Z^ + x'^ + z^ 

1 

2 

Y'^ + Z^ Yy'^ + z^ + 

1 

42 

Y'^YZ^Y 2/4 

2 

0 

Y'^YZ^Y z® 

1 

0 


2 

3 

2/4 -1- z® -b 

1 

14 

— (narrow) 

14 

1 


This gives a total dimension of 112. Checking the group elements of degree 2 with 
non-trivial restricted Milnor rings, we find they contribute dimension 9, so from the 
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symmetries of the FJRW bi-degree with respect to inverses and swapping indices, 
we find the following diamond 

1 

0 0 

0 9 0 

1 45 45 1 

0 9 0 

0 0 

1 


which is exactly the Hodge diamond on the Gromov-Witten side. 

For -I- we have the following table. 


w 

#{g € G IF Fix(g) — W'} 

dim('Hpjp{Yv) 

X'^ + Z^ + x^ + 

1 

40 

X^ +Y^ + Z^ Yx"^ + j/3 

1 

0 


4 

0 

Y^ Y Z'^ Y Y z^^ Y 

1 

60 

Y'^YZ^ 

4 

3 

y3 _(_ ^12 _|_ ^12 

1 

20 

- (narrow) 

12 

1 


There are 11 sectors of degree 2, and we have the same symmetries from the degree 
formula. The FJRW diamond and the Hodge diamond on the Gromov-Witten side 
are both found to be as follows. 


1 

0 0 

0 11 0 

1 59 59 1 

0 11 0 

0 0 

1 


Finally, for + Y'^ + Z'^ + we have the following table. 


IF' 

#{ff e G|lF|Fix(,) = 1^'} 

dim('HFjF\Y) 

X'^ YY'^ Y Z'^ Y x^ Y Y z^ Y 

1 

28 

X"^ YY"^ Y Z^ Yx"^ Y y^ 

3 

0 

X^ YY'^ Y Z^ Yx^ Y z® 

2 

2 

Y^YZ^Yy^Yz^Y 

1 

42 

F4 + + J/® 

3 

0 

Y^YZ^Y z® 

2 

0 

Y^YZ^ 

6 

3 

y® + z® + 

1 

14 


6 

0 

z® 

2 

0 

- (narrow) 

22 

1 


There are 19 sectors of degree 2, and we have the same symmetries from the degree 
formula. Again, the FJRW diamond and Hodge diamond on the Gromov-Witten 
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side are both found to be as follows. 

1 

0 0 

0 19 0 

1 43 43 1 

0 19 0 

0 0 

1 

The procedure and results are identical for -\-Y^ + in place of + Y'^ + 
(though the narrow subspaces are larger, as computed previously). 

The narrow, ambient and narrow mixed state spaces all certainly isomorphic as 
graded vector spaces with pairing, as has been made clear by computing explicit 
bases in the previous three sections. 

6.2. The Quantum Correspondence. Here we relate the I-functions of the 
Gromov-Witten, mixed, and FJRW theories. All I-functions in this section are 
taken to be the genus zero, narrow/ambient I-functions. 

Proposition 6.1. (A partial Landau-Ginzburg/Calabi-Yau correspondence 
for Fermat-type Borcea-Voisin orbifolds, with respect to the elliptic curve) 

Lety he a Borcea-Voisin orhifold [ExK/'E 2 \ given by E = {X^-\-Y'^Z'^ = 0}, and 
K a Fermat-type K3 surface with Nikulin involution, with 1 € Z 2 acting by sending 
{X,x) I—)■ {—X,—x). Then there exists an analytic continuation Tq-vv '^/^gw 

a symplectic transformation Ub : ^^fjrw^GW^’*^^ -f^GW sending .^pmw^GW*^^ 

j,y 

^ GW- 

Proof. It is clear that the GW and FJRW state spaces are isomorphic as graded 
inner product spaces, as are and 

By convention, we set the Novikov variables , <72 , 93 = 1 and vary 
<72 = <73 = ter- There are two fundamental issues here that 

must be addressed before performing the calculation itself. 

Firstly there is the issue of convergence in these variables. Applying a ratio 
test to lowiy) for a, holding b,c fixed, we get a radius of convergence qi < ^. 
Similarly for b we find convergence for 92 < gr) and for c, kj we have convergence 
for l^al, |xi| < I, i = I,..., m. Each term separates its dependence on a and b into 
separate factors, so we have convergence when all of these conditions hold. 

We shall analytically continue in the variables qi (corresponding to a and the 
hyperplane divisor class in the elliptic curve factor), via the Mellin-Barnes method. 

The function has only simple poles at the integers, at each of which it 

has residue 1. Varying a then, and suppressing the dependence on c, k and z, we 
may write our /-function as a "Hcwll-s^^^ll-linear combination of contour integrals 
of the form 

Ic„ - ^F(sE)dsE. 

where the cohomology classes are taken to be complex variables, and the contours 
are taken to be any curve in the sg-plane, stretching from ioo to —ioo with a detour 
so that all singularities of the Gamma functions appearing in F to the left, and 
another detour so that all non-negative integers are to the left, and all positive 
integers are to the right. The picture below illustrates this. 
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Then closing the curve on the right gives gives the corresponding term of IgWj 
but closing it on the right gives a different sum. Here, we need to sum over all the 
negative integers; but from the functional equation of the Gamma function these 
are all multiples of = 0 and so these residues are zero. We are left with the 
residues at the se for which 

m 

ADe/z + Ase + “^0+ ^ kj = —m,m€Z^Q, 

j=i+i 


that is, Se = kfj,Sf,^i-DE/z. Note that 

The residues of the Gamma function are well known, and we have 


1 

2 l^j=l+l 


k.j. 


'R.fiS.SE=-'f-^ + \T.T=i+ikj-DE/z^i‘^k^E/z + Aa + 2c+ ^ kj+l) 

j=i+i 


1 (-I)'" 
4 r(m) ■ 


The factor — 1) is analytic at these points, but must be multiplied by 

a factor of 27ri from the residue theorem. 

We may then rewrite the sum over a as a sum over m, with 


1 (27ri)e^’"*(T + f + ii:r=i+iG) (-1)”* 


1 

4 Z^j=/+1 


k,? 


replacing all factors in the sum involving a, and the exponentials involving 
replaced by e“T(2*i+*2+t3)g-f (t2+t3)^ 

Using the identity r(x)r(l — a;) = we may put this all together as 


1 r(^)sin( 

4 ^ 


7rm > 
2 


)r(f + f + i ET=1+1 %)^sin(7r(f + f + i E™ 





Glearly this is zero when m is even. Let k' = (/cz+i,..., fcm)- Define 


^ ■= m mod 4,171 = 41^ + /i 

m 

(m + 2c+ ^ /cj)mod4. 
3=1 + 1 


a = 
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Clearly Ei(m,c,k.) depends only on {p,a). Then we may split the factors of form 
sin(7ra;)/7r again to give Gamma functions depending only on /i, a: 




(- 1 )^ 


(7=1,2,3 


r(i-f)r(i-f)2 


E 


(_i)u T{^)ri^ + iJ2T=i+ik,y 


kj mod4=cr 




r(m) 


(- 1 )' 


r(f)r( 


E m 


k 

4 ' 2‘^j^l4-l 


r(f )r(f + f + I ZT=i+i 2™r(f + i)r(2c +1) 


Note that the terms where /x is even and a = 0 are zero. 

Now applying the identity r(^)/r(m) = 2y/7r/(2”^r(Y + |)) we may rewrite 
this as 

_2y/w y. ^El(fX,a) --^g-TOE(2tl+i2+t3) 

a-=l,2,3 

X E 

/m,eNo 
m:=4Zjri+/^i 

ceiNo,6>-c/3,keN™-' 
m+2c+^”^j_l_^ kj mod4=5‘ 

(6,c,k)=b 
m 

i=i 

where b^.a is Iq for (t = i, | and 1^ for d = 2. 

(f’Ji lo 
(j)j3 H> De 


11^(7 -*-0 ^ — 4 ’ 4 -^<7 — 2 ■ 

For any g € {J2), factorise l^g as laE^^aKg- Identify the generators 


KeJ? I-o-e, 


and the numbers 


2ni + 1 i-A TO 

m 

Ua- 2c + kj. 

j=l+l 

Then if we set ti = ^ , the interior sum above is exactly . This 

gives a linear map 

Ue : Vfjrw, gw ^ 

sending /fjrw, GW to /qw 

To represent this as a matrix, note that for each b e {J2), the map restricts to 
a 2 X 2 matrix between bases {(pj^l^jipjsh} and {1^, Each term in is 

given by (t = 02(/i), and both possibilities for g appear. We must expand NTb^ ,ig™a 
and E{g,,a) in terms of DeIz. We do this with the following Taylor series, which 
we only need up to linear order for now, since = 0: 

• r(l + a;) = 1 — 7X. 



42 


ANDREW SCHAUG 


• i/r(i + x) = 1 + 7a;. 

• r(i + x) = — V^(21n2 + 7)x. 

, _1_ - ^ _L_1_ T 

e-^-k ~ 1-k ^ 

where 7 is the Euler-Mascheroni constant. 

Let 5 For given h, the corresponding a may be given by 02 Then 

we have for k = 1,3 


(l)jalb^ + —;--{27n)e 


4 2 


2 2 


— y 

1-e ^ 






The constant in front reduces to j since 

1 ^ 1 _ 1 

r(l) + r(-i) 

For the part corresponding to </)j3lb, we get a (2 x 2)-matrix. After scaling, 

and using the identity r(|) = p^, direct computation shows this to be symplectic 
and degree preserving for degz = 2. 

For (f)a^lag, 9 possibly the identity, we get a (1 x l)-matrix, since DeIct = 0, 
with entry simplifying drastically to f{z) := f{z)f*{—z) = 1, so this also 

symplectic, and is clearly degree-preserving. Since it is the direct sum of symplectic 
matrices, the whole matrix Ub is also symplectic. □ 


Remark 6.1.1. The situation is more complex for the other elliptic curve, E = {X^ + 
= 0}, since we may not so directly express this in the basis GW 

the procedure above. This is because we cannot simply identify the appearances of 
nj3ik(Jf) with those of 2nj3qk in Ifjrw, Gw(t; as before, since if Ok{h) = 2qk+qk 
then h cannot be narrow, since 3 appears as an exponent of Y. 

Proposition 6.2. (A partial Landau-Ginzburg/Calabi-Yau correspondence 
for a Fermat-type Borcea-Voisin orbifolds, with respect to the K3 sur¬ 
face) Let y be the Borcea-Voisin orbifold [E x KIIj/ given by E = {X"^ + Y^ + 
= 0}, and K = {x^ + + z^ + = 0}, with 1 e Z 2 acting by sending 

{X,x) I—)■ (—A, —x). Then there exists an analytic continuation Tq-vv '^/^gw 
a symplectic transformation : LIgw.fjrw ^^GW sending /gwfjrw io 

Proof. We shall analytically continue /Q.y^(t,z) from 92 = 0 to <72 = 1 as above, 
varying b to sk and making the substitution 


SK = 


2wo 


_ T,T=i 

Wo Wo 
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and obtain factors of the form 
1 


-a 


{-ly 


i/=l,3,5 

5-=l,2,3 

E 

n+2c mod 4=5’ 


r(i-|)r(i-f)2 


(-1)'™ r(f)r(t + |) 


r(f)r(f )3 r(n) 


Let V = n mod 6, d = c mod 4, and set 
E 2 {i^,d) = E 2 {n,c) = (-47r)- 


o27rf( + g + ) 


*2771 De Iz — g27ri( 4 “ 1 “ 2 ) ^ 27TiDj<c I z — g2'7ri( g “ 1 “ 3 ) ^ 

After the same manipulations, we obtain 


20 r 

nr 




i/=l,3 

a=i,2,3 


E 


(- 1 )' 


r(i-|)r(i-f)2' 


r(f)r(t + f )2 


^ — D E {2ti-\-t2-\-t:i) 


r(f)r(| + i )3 2 "r(f+ i)r( 2 c + i) 


i„,eNo 

m:=6/rn+^'» 
ce ^No,a> —c/2 
n+2c mod 6=a 
v%{a,c)='b 

c, k')lb. 

Again, there is a factor of sin(^7r) so only terms with odd v appear. 

If we identify the generators 

</'J 2 lO) 

</’j| Dk, 

4>aKJi lo-K’ 

for the classes of degree 2, and the numbers 

2n2 All-An, 
ria I—> 2c, 

and set ^2 = 592 '' i the interior sum above is exactly This gives a 

linear map 

Uif : Vgw, fjrw ^ I^Gw 

sending /gw,fjrw to /qw This time, we expand the analogous factors in D^jz 
up to quadratic order: 

. r(l + a:) = l-7x+i(72 + ^^). 

. i/r(i+ x) = 1 + 701 + 1 ( 7 "-^)- 

• r(/ + a;) = yEr — •rr(21n2 + 'y)x(^7r^ + -y+(21n2 + 7 )^)x^. 

- k _ _k_ I k I k(l+k) 2 

e-^-k ~ 1-k ■*" (1-ky^ (l-k)3'k ■ 

This allows us to write \]k as a direct sum of (3 x 3) blocks and (1 x 1) blocks, which 
may be verified to be symplectic just as before. Therefore, \}k is symplectic. □ 
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Remark 6.2.1. The case for E = {X^ + = 0} proceeds entirely similarly, 

with extra terms coming from the sectors l^-g. 

Theorem 6.3. (Two-parameter Landau-Ginzburg/Calabi-Yau correspon¬ 
dence for a Fermat-type Borcea-Voisin orbifold) Lety he the Borcea-Voisin 
orbifold [ExK/'L-^ given by E = {X'^+Y'^ + Z'^ = 0}, and K = + = 

0}, with 1 S Z 2 acting by sending {X,x) 1 —>■ {—X,—x). Then there exists a two- 
parameter analytic continuation of and a symplectic transformation 

U : ^ Hgw sending to 


Proof. We analytically continue lG'w(t,z) with respect to qi and 92 as in the pre¬ 
vious two theorems. After precisely the same termwise manipulations, we find that 
^Gw(t> is given by 

(-iy+-Eiiy,a)E2in,d) 


liKoLo E 

i/=l,3,5 


■K^L, 


E ) 

/^=l,3 
1^=1,3,5 


E 


1 


r(i - ^)r(i - (f + f ))2r(i - |)r(i - (| + §))3 




lm,ln,lc>0 

m:=4Zrn+M 

n:—6ln-\-v' 

c:—4lc-\-d’ 


2 - 2 " r(f)r(f + f)2r(|)r(^ + f )3r(f + i)r(f + i)r(i + 2c) 


If we identify 

, —1/4 

93) 

2n(jf J 2 ) -I- 1 !-)■ m, 

2n(TiT2) “1“ 11 —y 11 , 
riaKp ^ 2c, 

for the classes of degree 2, then the interior sum is exactly This allows 

us to set up a linear map U as before, put together from Ue: and Hk- That is, 
splitting the FJRW basis vectors into their E- and AT-parts as we have for the other 
two theories, this gives us U as a direct sum of (3 x 3) blocks (for (/), (/)j3, ^j5) and 
(2 X 2) blocks (for ((aKJi ^'^d which can all be checked to be symplectic. 

Therefore, U is also symplectic, and this verifies the Landau-Ginzburg/Calabi-Yau 
correspondence for our case. □ 
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